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Abstract: We define the concept of rough limit set of a triple sequence space of beta 

Stancu operators of Borel summability of gradual real numbers and obtain the relation 

between the set of rough limit and the extreme limit points of a triple sequence space of 

beta Stancu operators of Borel summability method of gradual real numbers. Finally, we 

investigate some properties of the rough limit set of beta Stancu operators under which 

Borel summable sequence of gradual real numbers are convergent. Also, we give the 

results for Borel summability method of series of gradual real numbers. 
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I. Introduction 

The term "fuzzy numbers" are often applied instead of "fuzzy intervals", especially if the core of fuzzy interval 

is a point (like; triangular fuzzy number). But such fuzzy numbers also generalize intervals not numbers. Also 

fuzzy arithmetics in herit algebraic properties of interval arithmetic, not of numbers. Hence the name "fuzzy 

number", used by many authors is debatable. To avoid this confusion, the authors introduce a new concept in 

fuzzy set theory as "gradual real numbers". A gradual number in general cannot be considered as a fuzzy set of 

real numbers because the mapping from the unit interval to the real line is not necssarily one to one. However 

gradual real numbers are equipped with the same algebraic structures as real numbers.  

In this paper, we introduce and study the set of rough gradual real numbers along with triple sequence spaces of 
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Borel summability method and some basic topological properties of it.  

Let 𝑋 be a real vector space and ‖. ‖ீ be a mapping from 𝑋 → 𝐺∗(ℝଷ). Consider 𝐴 be a assignment function 

language. A triple sequence 𝑥 ∈ (𝑆) and 𝜆 ∈ (0,1] is said to be triple gradual Borel summable to 𝑆 if the 

series ∑  ஶ
ୀ ∑  ஶ

ୀ ∑  ஶ
ୀ

௫శశೖ

(ାା)!
𝐴‖.‖ಸ,ௌೖ

(𝜆) converges for all 𝑥 ∈ ℝ and 

𝑒ି௫   
ஶ

ୀ
  

ஶ

ୀ
  

ஶ

ୀ

𝑥ାା

(𝑚 + 𝑛 + 𝑘)!
𝐴‖.‖ಸ,ௌೖ

(𝜆) → 𝑆, 𝑥 → ∞. 

In this we define triple rough Borel summability method for sequences and series of gradual real numbers. 

 

Definition 1.1. Let 𝑋 be a real vector space and ‖. ‖ீ be a mapping from 𝑋 → 𝐺∗(ℝଷ). 𝐴 be a assignment 

function language . Consider (𝑢) be a triple sequence of gradual real numbers and 𝜆 ∈ (0,1]. Then the 

expression ∑  ∑  ∑  𝐴‖.‖ಸ,௨ೖ
(𝜆) is called a series of triple gradual real numbers. Denote 

𝑆௦௧ = ∑  
ୀ ∑  ௦

ୀ ∑  ௧
ୀ 𝐴‖.‖ಸ,௨ೖ

(𝜆) for all 𝑟, 𝑠, 𝑡 ∈ ℕ. If the sequence (𝑆௦௧) converges to a gradual real 

number 𝑢, then we say that the series ∑  ∑  ∑  𝐴‖.‖ಸ,௨ೖ
(𝜆) of gradual real numbers converges to 𝐴‖.‖ಸ,௨(𝜆) and 

write ∑  ∑  ∑  𝐴‖.‖ಸ,௨ೖ
(𝜆) = 𝐴‖.‖ಸ,௨(𝜆) which implies as 𝑟, 𝑠, 𝑡 → ∞ that ∑  

ୀ ∑  ௦
ୀ ∑  ௧

ୀ 𝐴‖.‖ಸ,௨ೖ
ష (𝜆) →

𝐴‖.‖ಸ,௨ష(𝜆) and ∑  
ୀ ∑  ௦

ୀ ∑  ௧
ୀ 𝐴‖.‖ಸ,௨ೖ

శ (𝜆) → 𝐴‖.‖ಸ,௨శ(𝜆) uniformly in 𝜆 ∈ (0,1]. 

Conversely, if the gradual real numbers 

𝐴‖.‖ಸ,௨ೖ
(𝜆) = ቄ൬𝐴‖.‖ಸ,௨ೖ

ష (𝜆), 𝐴‖.‖ಸ,௨ೖ
శ (𝜆)൰ : 𝜆 ∈ (0,1]ቅ, 

∑  
ୀ ∑  ௦

ୀ ∑  ௧
ୀ 𝐴‖.‖ಸ,௨ೖ

ష (𝜆) → 𝐴‖.‖ಸ,௨ష(𝜆) and ∑  
ୀ ∑  ௦

ୀ ∑  ௧
ୀ 𝐴‖.‖ಸ,௨ೖ

శ (𝜆) → 𝐴‖.‖ಸ,௨శ(𝜆) converge 

uniformly in 𝜆, then 𝐴‖.‖ಸ,௨(𝜆) = ቄቀ𝐴‖.‖ಸ,௨ష(𝜆), 𝐴‖.‖ಸ,௨శ(𝜆)ቁ : 𝜆 ∈ (0,1]ቅ defines a gradual real numbers such 

that 𝑢 = ∑  ∑  ∑  𝐴‖.‖ಸ,௨ೖ
(𝜆). 

We say other wise the series of gradual real numbers diverges. Additionally, if the triple sequence gradual real 

numbers (𝑆௦௧) is bounded then we say that the series ∑  ∑  ∑  𝐴‖.‖ಸ,௨ೖ
(𝜆) of gradual real numbers is bounded. 

We denote the set of all bounded series of gradul real numbers by 𝑏𝑠(𝐹). 

 

Definition 1.2. A triple sequence (𝑢) and 𝜆 ∈ (0,1] of gradual real numbers is said to be Borel summable to 

𝜁 ∈ 𝐸` if the series 

𝑓(𝑥) =   
ஶ

ୀ
  

ஶ

ୀ
  

ஶ

ୀ

𝑥ାା

(𝑚 + 𝑛 + 𝑘)!
𝐴‖.‖ಸ,௨ೖ

(𝜆) 

converges for 𝑥 ∈ (0, ∞) and 𝑙𝑖𝑚௫→ஶ𝑒ି௫𝑓(𝑥) = 𝜁. 

The idea of rough convergence was first introduced by Phu (Phu, 2001, 2002, 2003) in finite dimensional 
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normed spaces. He showed that the set 𝐿𝐼𝑀௫
  is bounded, closed and convex; and he introduced the notion of 

rough Cauchy sequence. He also investigated the relations between rough convergence and other convergence 

types and the dependence of 𝐿𝐼𝑀௫
  on the roughness of degree 𝑟. 

Aytar (Aytar, 2008a) studied of rough statistical convergence and defined the set of rough statistical limit points 

of a sequence and obtained two statistical convergence criteria associated with this set and prove that this set is 

closed and convex. Also, Aytar (Aytar, 2008b) studied that the 𝑟 −limit set of the sequence is equal to 

intersection of these sets and that 𝑟 −core of the sequence is equal to the union of these sets. Dündar and Cakan 

(Dündar and Cakan, 2014) investigated of rough ideal convergence and defined the set of rough ideal limit 

points of a sequence The notion of 𝐼 −convergence of a triple sequence spaces which is based on the structure 

of the ideal 𝐼 of subsets of ℕ × ℕ × ℕ, where ℕ is the set of all natural numbers, is a natural generalization of 

the notion of convergence and statistical convergence. 

Let 𝐾 be a subset of the set of triple positive integers ℕଷ, and let us denote the set {(𝑚, 𝑛, 𝑘) ∈ 𝐾: 𝑚 ≤ 𝑢, 𝑛 ≤

𝑣, 𝑘 ≤ 𝑤} by 𝐾௨௩௪. Then the natural density of 𝐾 is given by 𝛿(𝐾) = 𝑙𝑖𝑚௨,௩,௪→ஶ
|ೠೡೢ|

௨௩௪
, where |𝐾௨௩௪| denotes 

the number of elements in 𝐾௨௩௪. Clearly, a finite subset has natural density zero, and we have 𝛿(𝐾) = 1 −

𝛿(𝐾) where 𝐾 = ℕ\𝐾 is the complement of 𝐾. If 𝐾ଵ ⊆ 𝐾ଶ, then 𝛿(𝐾ଵ) ≤ 𝛿(𝐾ଶ). 

Throughout the paper, ℝଷ denotes the real three dimensional space with metric (𝑋, 𝑑). Consider a triple 

sequence 𝑥 = (𝑥) such that 𝑥 ∈ ℝ, 𝑚, 𝑛, 𝑘 ∈ ℕ. 

A triple sequence spaces 𝑥 = (𝑥) is said to be statistically convergent to 0 ∈ ℝ, written as 𝑠𝑡 − 𝑙𝑖𝑚    𝑥 = 0, 

provided that the set 

{(𝑚, 𝑛, 𝑘) ∈ ℕଷ: |𝑥| ≥ 𝜖} 

has natural density zero for any 𝜖 > 0. In this case, 0 is called the statistical limit of the triple sequence spaces 

𝑥. 

If a triple sequence spaces is statistically convergent, then for every 𝜖 > 0, infinitely many terms of the 

sequence may remain outside the 𝜖 −neighbour hood of the statistical limit, provided that the natural density of 

the set consisting of the indices of these terms is zero. This is an important property that distinguishes statistical 

convergence from ordinary convergence. Because the natural density of a finite set is zero, we can say that 

every ordinary convergent sequence is statistically convergent. 

If a triple sequence spaces 𝑥 = (𝑥) satisfies some property 𝑃 for all 𝑚, 𝑛, 𝑘 except a set of natural density 

zero, then,we say that the triple sequence spaces 𝑥 satisfies 𝑃 for "almost all (𝑚, 𝑛, 𝑘)" and we abbreviate this 

by "a.a. (𝑚, 𝑛, 𝑘)". 

Let ቀ𝑥ೕℓ
ቁ be a sub-sequence of 𝑥 = (𝑥). If the natural density of the set 𝐾 = ൛𝑚𝑛𝑘ℓ ∈ ℕ: (𝑖, 𝑗, ℓ) ∈
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ℕଷൟ is different from zero, then ቀ𝑥ೕℓ
ቁ is called a non thin sub sequence of a triple sequence spaces 𝑥. 

𝑐 ∈ ℝ is called a statistical cluster point of a triple sequence spaces 𝑥 = (𝑥) provided that the natural 

density of the set 

{(𝑚, 𝑛, 𝑘) ∈ ℕଷ: |𝑥 − 𝑐| < 𝜖} 

is different from zero for every 𝜖 > 0. We denote the set of all statistical cluster points of the sub sequence 𝑥 by 

Γ௫ . 

A triple sequence spaces 𝑥 = (𝑥) is said to be statistically analytic if there exists a positive number 𝑀 such 

that 

𝛿൫൛(𝑚, 𝑛, 𝑘) ∈ ℕଷ: |𝑥|ଵ/ାା ≥ 𝑀ൟ൯ = 0. 

First applied the concept of (𝑝, 𝑞)-calculus in approximation theory and introduced the (𝑝, 𝑞)-analogue of 

Bernstein operators. Later, based on (𝑝, 𝑞)-integers, some approximation results for Bernstein-Stancu operators, 

Bernstein-Kantorovich operators, (𝑝, 𝑞)-Lorentz operators, Bleimann-Butzer and Hahn operators and Bernstein-

Shurer operators etc.  

In computer-aided geometric design and applied these Bernstein basis for construction of (𝑝, 𝑞)-Bezier curves 

and surfaces based on (𝑝, 𝑞)-integers which is further generalization of q-Bezier curves and surfaces. 

Motivated by the above mentioned work on (𝑝, 𝑞)-approximation and its application, in this paper we study 

statistical approximation properties of Bernstein Stancu beta operators based on (𝑝, 𝑞)-integers. 

Now we recall some basic definitions about (𝑝, 𝑞)-integers. For any 𝑢, 𝑣, 𝑤 ∈ ℕ, the (𝑝, 𝑞)-integer [𝑢𝑣𝑤], is 

defined by 

[0],: = 0 and [𝑢𝑣𝑤], =
ೠೡೢିೠೡೢ

ି
 if 𝑢, 𝑣, 𝑤 ≥ 1, 

where 0 < 𝑞 < 𝑝 ≤ 1. The (𝑝, 𝑞)-factorial is defined by 

[0],!: = 1 and [𝑢𝑣𝑤]!, = [1]!, [6]!, [𝑢𝑣𝑤]!, if 𝑢, 𝑣, 𝑤 ≥ 1. 

Also the (𝑝, 𝑞)-binomial coefficient is defined by 

ቀ𝑚
௨

ቁ ቀ𝑛
௩

ቁ ൬𝑘
௪

൰
,

=
[𝑢𝑣𝑤]!,

[𝑚𝑛𝑘]!, [(𝑢 − 𝑚) + (𝑣 − 𝑛) + (𝑤 − 𝑘)]!,
 

for all 𝑢, 𝑣, 𝑤, 𝑚, 𝑛, 𝑘 ∈ ℕ with 𝑢 ≥ 𝑚, 𝑣 ≥ 𝑛, 𝑤 ≥ 𝑘. 

The formula for (𝑝, 𝑞) −binomial expansion is as follows: 

(𝑎𝑥 + 𝑏𝑦),
௨௩௪ =   

௨

ୀ
  

௩

ୀ
  

௪

ୀ
𝑝

(ೠష)(ೠషషభ)శ(ೡష)(ೡషషభ)శ(ೢషೖ)(ೢషೖషభ)

ల 𝑞
(షభ)శ(షభ)శೖ(ೖషభ)

ల     

                              ቀ𝑚
௨

ቁ ቀ𝑛
௩

ቁ ൬𝑘
௪

൰
,

𝑎(௨ି)ା(௩ି)ା(௪ି)𝑏ାା𝑥(௨ି)ା(௩ି)ା(௪ି)𝑦ାା , 

(𝑥 + 𝑦),
௨௩௪ = (𝑥 + 𝑦)(𝑝𝑥 + 𝑞𝑦)(𝑝𝑥 + 𝑞𝑦) ⋯ ൫𝑝(௨ିଵ)ା(௩ିଵ)ା(௪ିଵ)𝑥 + 𝑞(௨ିଵ)ା(௩ିଵ)ା(௪ିଵ)𝑦൯, 
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(1 − 𝑥),
௨௩௪ = (1 − 𝑥)(𝑝 − 𝑞𝑥)(𝑝 − 𝑞𝑥) ⋯ ൫𝑝(௨ିଵ)ା(௩ିଵ)ା(௪ିଵ) − 𝑞(௨ିଵ)ା(௩ିଵ)ା(௪ିଵ)𝑥൯, and 

(𝑥),
 = 𝑥(𝑝𝑥)(𝑝𝑥) ⋯ ൫𝑝(௨ିଵ)ା(௩ିଵ)ା(௪ିଵ)𝑥൯ = 𝑝

(షభ)శ(షభ)శೖ(ೖషభ)

ల . 

The Bernstein operator of order (𝑟, 𝑠, 𝑡) is given by 

𝐵௦௧(𝑓, 𝑥) =   


ୀ
  

௦

ୀ
  

௧

ୀ
𝑓 ൬

𝑚𝑛𝑘

𝑟𝑠𝑡
൰ ቀ𝑚


ቁ ቀ𝑛

௦
ቁ ൬𝑘

௧

൰ 𝑥ାା(1 − 𝑥)(ି)ା(ି௦)ା(ି௧) 

where 𝑓 is a continuous (real or complex valued) function defined on [0,1]. 

The (𝑝, 𝑞)-Bernstein operators are defined as follows: 

𝐵௦௧,,(𝑓, 𝑥) =
1

𝑝
ೝ(ೝషభ)శೞ(ೞషభ)శ(షభ)

ల

  



ୀ

  

௦

ୀ

  

௧

ୀ

ቀ𝑚


ቁ ቀ𝑛
௦

ቁ ൬𝑘
௧

൰ 𝑝
(షభ)శ(షభ)శೖ(ೖషభ)

ల 𝑥ାା 

∏  
(ିିଵ)ା(௦ିିଵ)ା(௧ିିଵ)
௨ୀ (𝑝௨ − 𝑞௨𝑥)𝑓 ൬

[],

(షೝ)శ(షೞ)శ(ೖష)[௦௧],
൰ , 𝑥 ∈ [0,1] (1.1) 

Also, we have  

(1 − 𝑥),
௦௧ =   



ୀ
  

௦

ୀ
  

௧

ୀ
(−1)ାା𝑝

(ೝష)(ೝషషభ)శ(ೞష)(ೞషషభ)శ(షೖ)(షೖషభ)

ల 𝑞
(షభ)శ(షభ)శೖ(ೖషభ)

ల   

ቀ𝑚


ቁ ቀ𝑛
௦

ቁ ൬𝑘
௧

൰ 𝑥ାା . 

(𝑝, 𝑞)-Bernstein Stancu operators are defined as follows: 

𝑆௦௧,,(𝑓, 𝑥) =
1

𝑝
ೝ(ೝషభ)శೞ(ೞషభ)శ(షభ)

ల

  



ୀ

  

௦

ୀ

  

௧

ୀ

ቀ𝑚


ቁ ቀ𝑛
௦

ቁ ൬𝑘
௧

൰ 𝑝
(షభ)శ(షభ)శೖ(ೖషభ)

ల 𝑥ାା 

∏  
(ିିଵ)ା(௦ିିଵ)ା(௧ିିଵ)
௨ୀ (𝑝௨ − 𝑞௨𝑥)𝑓 ൬

(ೝష)శ(ೞష)శ(షೖ)[],ାఎ

[௦௧],ାఓ
൰ , 𝑥 ∈ [0,1] (1.2) 

Note that for 𝜂 = 𝜇 = 0, (𝑝, 𝑞)-Bernstein Stancu operators given by (1.2) reduces into (𝑝, 𝑞)-Bernstein 

operators. Also for 𝑝 = 1, (𝑝, 𝑞)-Bernstein Stancu operators given by (1.1) turn out to be 𝑞-Bernstein Stancu 

operators. 

Let 0 < 𝑞 < 𝑝 < 1 and 𝑥 ∈ [0, ∞). We introduce the (𝑝, 𝑞)-Stancu-beta operators as follows: 

𝑆௨௩௪,(𝑓, 𝑥) =

ଵ

൫[௨௩௪]௫,[௨௩௪]ାଷ൯
∫  

ஶ


∫  

ஶ


∫  

ஶ



(௦௧)[ೠೡೢ](ೣషభ)

൫ଵା(௦௧)൯
[ೠೡೢ]ೣశ[ೠೡೢ]శయ 𝑓൫𝑝[௨௩௪]௫ , 𝑞[௨௩௪]௫𝑟𝑠𝑡൯𝑑𝑟𝑑𝑠𝑑𝑡.  

Let 𝑓 be a continuous function defined on the closed interval [0,1]. A triple sequence of beta Stancu operators 

of ቀ𝑆௦௧,,(𝑓, 𝑥)ቁ is said to be statistically convergent to 0 ∈ ℝ, written as 𝑠𝑡 − 𝑙𝑖𝑚    𝑥 = 0, provided that the 

set 

𝐾ఢ: = ൛(𝑚, 𝑛, 𝑘) ∈ ℕଷ: ห𝑆௦௧,,(𝑓, 𝑥) − (𝑓, 𝑥)ห ≥ 𝜖ൟ 

has natural density zero for any 𝜖 > 0. In this case, 0 is called the statistical limit of the triple sequence of beta 
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Stancu operators. i.e., 𝛿(𝐾ఢ) = 0. That is, 

𝑙𝑖𝑚,௦,௧→ஶ

1

𝑝𝑞𝑗
ห൛𝑚 ≤ 𝑝, 𝑛 ≤ 𝑞, 𝑘 ≤ 𝑗: ห𝑆௦௧,,(𝑓, 𝑥) − (𝑓, 𝑥)ห ≥ 𝜖ൟห = 0. 

In this case, we write 𝛿 − 𝑙𝑖𝑚𝑆௦௧,,(𝑓, 𝑥) = (𝑓, 𝑥) or 𝑆௦௧,,(𝑓, 𝑥) →ௌೄ (𝑓, 𝑥). 

The theory of statistical convergence has been discussed in trigonometric series, summability theory, measure 

theory, turnpike theory, approximation theory, fuzzy set theory and so on. 

A triple sequence (real or complex) can be defined as a function 𝑥: ℕଷ → ℝ(ℂ), where ℕ, ℝ and ℂ denote the set 

of natural numbers, real numbers and complex numbers respectively. The different types of notions of triple 

sequence was introduced and investigated at the initial by Sahiner et al. (Sahiner et al., 2007) and Sahiner and 

Tripathy (Sahiner and Tripathy, 2008), Esi (Esi, 2014), Esi and Catalbas (Esi and Catalbas, 2014), Esi and 

Savas (Esi and Savas, 2015), Esi et al. (Esi et al., 2016, 2017a, 2017b), Dutta et al. (Dutta et al., 2013), 

Subramanian and Esi (Subramanian and Esi, 2015, 2017), Debnath et al. (Debnath et al., 2015) and many 

others. 

A triple sequence 𝑥 = (𝑥) is said to be triple analytic if 

𝑠𝑢𝑝,,|𝑥|
భ

శశೖ < ∞. 

The space of all triple analytic sequences are usually denoted by Λଷ. 

The Borel summability of gradual real numbers is denoted by (𝜁, 𝑋)(𝜆) ∈ (ℝ), and 𝑑 denotes the supremum 

metric on (𝜁, 𝑋)(𝜆) ∈ (ℝଷ). Now let 𝑟 be nonnegative real number. A Borel summability of rough triple 

sequence space of greadual real numbers of beta stancu operators of 𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆) of gradual real 

numbers is 𝑟 − convergent to a gradul real number (𝜁, 𝑋)(𝜆) and we write 

𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆) → (𝜁, 𝑋)(𝜆) as 𝑚, 𝑛, 𝑘 → ∞, 

provided that for every 𝜖 > 0 there is an integer 𝑚ఢ , 𝑛ఢ , 𝑘ఢ so that 

𝑑 ൬𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆), (𝜁, 𝑋)(𝜆)൰ < 𝑟 + 𝜖 whenever 𝑚 ≥ 𝑚ఢ , 𝑛 ≥ 𝑛ఢ, 𝑘 ≥ 𝑘ఢ . 

The set 

𝐿𝐼𝑀𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆):

= ቄ(𝜁, 𝑋)(𝜆) ∈ (𝜁, 𝑋)(𝜆) ∈ (ℝଷ): 𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆) → (𝜁, 𝑋)(𝜆),    𝑎𝑠    𝑚, 𝑛, 𝑘 → ∞ቅ 

is called the 𝑟-limit set of the Borel summability of rough triple sequence space of gradual real numbers of beta 

Stancu operators of ൬𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆)൰. 

A Borel summability of rough triple sequence space of beta Stancu operators of gradual real numbers which is 

divergent can be convergent with a certain roughness degree. For instance, let us define 
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𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆) = ൝

𝜂(𝑋),  𝑖𝑓 𝑚, 𝑛, 𝑘    𝑎𝑟𝑒    𝑜𝑑𝑑    𝑖𝑛𝑡𝑒𝑔𝑒𝑟𝑠,

𝜇(𝑋),  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 ൡ, 

where 

𝜂(𝑋) = ൞

𝑋,  𝑖𝑓     𝑋 ∈ [0,1],

−𝑋 + 2,  𝑖𝑓 𝑋 ∈ [1,2],
0,  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 

ൢ 

and 

𝜇(𝑋) = ൞

𝑋 − 3,  𝑖𝑓     𝑋 ∈ [3,4],

−𝑋 + 5,  𝑖𝑓 𝑋 ∈ [4,5],
0,  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 

ൢ. 

Then we have where 

𝐿𝐼𝑀𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆) = ൞

𝜙,  𝑖𝑓 𝑟 <
3

2
,

[𝜇 − 𝑟ଵ, 𝜂 + 𝑟ଵ],  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 
ൢ, 

where 𝑟ଵ is nonnegative real number with 

[𝜇 − 𝑟ଵ, 𝜂 + 𝑟ଵ]: = ቄ𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆) ∈ (𝜁, 𝑋)(𝜆) ∈ (ℝଷ): 𝜇 − 𝑟ଵ ≤ 𝐴‖.‖ಸ,ௌೝೞ,,

(𝜁, 𝑋)(𝜆) ≤ 𝜂 + 𝑟ଵቅ. 

The ideal of rough convergence of a Borel summability of triple sequence space of gradual real numbers of beta 

Stancu operators can be interpreted as follows:  

Let ൬𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑌)(𝜆)൰ be a convergent triple sequence space of beta stancu operators of gradual real 

numbers. Assume that ൬𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑌)(𝜆)൰ cannot be determined exactly for every (𝑚, 𝑛, 𝑘) ∈ ℕଷ. That is, 

൬𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑌)(𝜆)൰ cannot be calculated so we can use approximate value of ൬𝐴‖.‖ಸ,ௌೝೞ,,

(𝜁, 𝑌)(𝜆)൰ for 

simplicity of calculation. We only know that ൬𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑌)(𝜆)൰ ∈ [𝜇 , 𝛾], where 𝑑(𝜇 , 𝛾) ≤ 𝑟 

for every (𝑚, 𝑛, 𝑘) ∈ ℕଷ. The Borel summability of rough triple sequence space of gradul real numbers of beta 

stancu operators of ൬𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆)൰ satisfying ൬𝐴‖.‖ಸ,ௌೝೞ,,

(𝜁, 𝑋)(𝜆)൰ ∈ [𝜇 , 𝛾], for all 𝑚, 𝑛, 𝑘. 

Then the Borel summability of rough triple sequence space of gradual real numbers of beta stancu operators of 

൬𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆)൰ may not be convergent, but the inequality 



A. Indumathi, A. Esi and N. Subramanian                             On gradual Borel summability method of rough convergence… 
___________________________________________________________________________________________________________  

21 
 

𝑑 ൬𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆), (𝜁, 𝑋)(𝜆)൰

≤ 𝑑 ൬𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆), 𝐴‖.‖ಸ,ௌೝೞ,,

(𝜁, 𝑌)(𝜆)൰ + 𝑑 ൬𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑌)(𝜆), (𝜁, 𝑌)(𝜆)൰

≤ 𝑟 + 𝑑 ൬𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑌)(𝜆), (𝜁, 𝑌)(𝜆)൰ 

implies that the Borel summability of rough triple sequence space of gradual real numbers of beta Stancu 

operators of ൬𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆)൰ is 𝑟-convergent. 

In this paper, we first define the concept of rough convergence of a Borel summability of triple sequence 

space of beta Stancu operators of gradual real numbers. Also obtain the relation between the set of rough limit 

and the extreme limit points of a Borel summability of triple sequence space of beta stancu operators of gradul 

real numbers. We show that the rough limit set of a Borel summability of triple sequence space of gradual real 

numbers of beta Stancu operators is closed, bounded and convex. 

II. Main Results 

Theorem 2.1. Let 𝑓 be a continuous function defined on 𝜆 ∈ (0,1]. A Borel summability of rough triple 

sequence of Bernstein-Stancu operators of ൬𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆)൰ of gradual real numbers. If (𝜁, 𝑋)(𝜆) ∈

𝐿𝐼𝑀𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆), then 

𝑑𝑖𝑎𝑚 ൬𝑙𝑖𝑚    𝑠𝑢𝑝    𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆), (𝜁, 𝑋)(𝜆)൰ ≤ 𝑟 

and 

𝑑𝑖𝑎𝑚 ൬𝑙𝑖𝑚    𝑖𝑛𝑓    𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆), (𝜁, 𝑋)(𝜆)൰ ≤ 𝑟. 

Proof. We assume that 𝑑𝑖𝑎𝑚 ൬𝑙𝑖𝑚    𝑠𝑢𝑝    𝑎‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆), (𝜁, 𝑋)(𝜆)൰ > 𝑟. 

Define 𝜖̃: =
ቆ    ௦௨    ‖.‖ಸ,ೄೝೞ,,

(,)(ఒ),(,)(ఒ)ቇି

ଶ
. By definition of limit supremem, we have that given 

𝑚ఢ
 ᇲ , 𝑛ఢ

 ᇲ , 𝑘ఢ
 ᇲ ∈ ℕଷ there exists an (𝑚, 𝑛, 𝑘) ∈ ℕଷ with 𝑚 ≥ 𝑚ఢ

 ᇲ , 𝑛 ≥ 𝑛ఢ
 ᇲ , 𝑘 ≥ 𝑘ఢ

 ᇲ  such that 

𝑑𝑖𝑎𝑚 ൬𝑙𝑖𝑚    𝑠𝑢𝑝    𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆), (𝜁, 𝑋)(𝜆)൰ ≤ 𝜖̃. Also, since 𝐴‖.‖ಸ,ௌೝೞ,,

(𝜁, 𝑋)(𝜆) → (𝜁, 𝑋)(𝜆) as 

𝑚, 𝑛, 𝑘 → ∞, there is an integer 𝑚ఢ
 ᇲᇲ

, 𝑛ఢ
 ᇲᇲ

, 𝑘ఢ
 ᇲᇲ

 so that 

𝑑 ൬𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆), (𝜁, 𝑋)(𝜆)൰ < 𝑟 + 𝜖̃ 

whenever 𝑚 ≥ 𝑚ఢ
 ᇲᇲ

, 𝑛 ≥ 𝑛ఢ
 ᇲᇲ

, 𝑘 ≥ 𝑘ఢ
 ᇲᇲ

. Let 

(𝑚ఢ , 𝑛ఢ , 𝑘ఢ ): = 𝑚𝑎𝑥൛൫𝑚ఢ
 ᇲ , 𝑛ఢ

 ᇲ , 𝑘ఢ
 ᇲ൯, ൫𝑚ఢ

 ᇲᇲ
, 𝑛ఢ

 ᇲᇲ
, 𝑘ఢ

 ᇲᇲ
൯ൟ. 
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There exists (𝑚, 𝑛, 𝑘) ∈ ℕଷ such that 𝑚 ≥ 𝑚ఢ , 𝑛 ≥ 𝑛ఢ , 𝑘 ≥ 𝑘ఢ  and  

𝑑𝑖𝑎𝑚 ൬𝑙𝑖𝑚    𝑠𝑢𝑝    𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆), (𝜁, 𝑋)(𝜆)൰

≤ (𝜁, 𝑋)(𝜆)𝑑𝑖𝑎𝑚 ൬𝑙𝑖𝑚    𝑠𝑢𝑝    𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆), 𝐴‖.‖ಸ,ௌೝೞ,,

(𝜁, 𝑋)(𝜆)൰

+ 𝑑𝑖𝑎𝑚 ൬𝐴‖.‖ಸ,ௌೝೞ,,
(𝜆), (𝜁, 𝑋)(𝜆)൰ 

< 𝜖̃ + 𝑟 + 𝜖̃ 

< 𝑟 + 2𝜖̃ 

= 𝑟 + 𝑑𝑖𝑎𝑚 ൬𝑙𝑖𝑚    𝑠𝑢𝑝    𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆), (𝜁, 𝑋)(𝜆)൰ − 𝑟 

= 𝑑𝑖𝑎𝑚 ൬𝑙𝑖𝑚    𝑠𝑢𝑝    𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆), (𝜁, 𝑋)(𝜆)൰. 

The contradiction proves the theorem. Similarly, 

𝑑𝑖𝑎𝑚 ൬𝑙𝑖𝑚    𝑖𝑛𝑓    𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆), (𝜁, 𝑋)(𝜆)൰ ≤ 𝑟 can be proved using definition of limit infimum. 

 

Theorem 2.2. Let 𝑓 be a continuous function defined on 𝜆 ∈ (0,1]. A Borel summability of rough triple 

sequence of Bernstein-Stancu operators of ൬𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆)൰ of gradual real numbers. If 

𝐿𝐼𝑀𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆) ≠ 𝜙, then we have 

𝐿𝐼𝑀𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆) ⊆ ቂ൬𝑙𝑖𝑚𝑠𝑢𝑝𝐴‖.‖ಸ,ௌೝೞ,,

(𝜁, 𝑋)(𝜆)൰ − 𝑟ଵ, ൬𝑙𝑖𝑚𝑖𝑛𝑓𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆)൰ + 𝑟ଵቃ. 

Proof. To prove that (𝜁, 𝑋)(𝜆) ∈ ቂ൬𝑙𝑖𝑚𝑠𝑢𝑝𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆)൰ − 𝑟ଵ, ൬𝑙𝑖𝑚𝑖𝑛𝑓𝐴‖.‖ಸ,ௌೝೞ,,

(𝜁, 𝑋)(𝜆)൰ + 𝑟ଵቃ for 

an arbitrary (𝜁, 𝑋)(𝜆) ∈ 𝐿𝐼𝑀𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆), i.e., 

൬𝑙𝑖𝑚𝑠𝑢𝑝𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆)൰ − 𝑟ଵ ≤ (𝜁, 𝑋)(𝜆) ≤ ൬𝑙𝑖𝑚𝑖𝑛𝑓𝐴‖.‖ಸ,ௌೝೞ,,

(𝜁, 𝑋)(𝜆)൰ + 𝑟ଵ. 

Let us assume that ൬𝑙𝑖𝑚𝑠𝑢𝑝𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆)൰ − 𝑟ଵ ≤ (𝜁, 𝑋)(𝜆) does not hold.Thus, there exists an 

𝛼 ∈ (0,1] such that 

൬𝑙𝑖𝑚𝑠𝑢𝑝𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆)ఈబ൰ − 𝑟ଵ > (𝜁, 𝑋)(𝜆)ఈబ  or ቀ𝑙𝑖𝑚𝑠𝑢𝑝𝐴‖.‖ಸ,ௌೖ

(𝜁, 𝑋)(𝜆)
ఈబ

ቁ − 𝑟ଵ >≤ (𝜁, 𝑋)(𝜆)
ఈబ

 

holds i.e., 

൬𝑙𝑖𝑚𝑠𝑢𝑝𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆)ఈబ൰ − (𝜁, 𝑋)(𝜆)ఈబ > 𝑟ଵ or ቀ𝑙𝑖𝑚𝑠𝑢𝑝𝐴‖.‖ಸ,ௌೝೞ,,

(𝜁, 𝑋)(𝜆)
ఈబ

ቁ −≤ (𝜁, 𝑋)(𝜆)
ఈబ

> 𝑟ଵ. 

On the other hand, by theorem 2.1 we have 
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ฬ൬𝑙𝑖𝑚𝑠𝑢𝑝𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆)ఈబ൰ − (𝜁, 𝑋)(𝜆)ఈబฬ ≤ 𝑟ଵ 

and 

ቚቀ𝑙𝑖𝑚𝑠𝑢𝑝𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆)

ఈబ
ቁ −≤ (𝜁, 𝑋)(𝜆)

ఈబ
ቚ ≤ 𝑟ଵ. 

We obtain a contradiction. Hence we get ൬𝑙𝑖𝑚𝑠𝑢𝑝𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆)൰ − 𝑟ଵ ≤ (𝜁, 𝑋)(𝜆). By using the 

similar arguments and get it for second part. 

 

Note 2.3. The converse inclusion in this theorem holds for 𝑓 be a continuous function defined on 𝜆 ∈ (0,1]. A 

Borel summability of rough triple sequence of Bernstein-beta Stancu operators of ൬𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆)൰ of 

gradual real numbers, but it may not hold for Borel summability of rough triple sequences of Bernstein-beta 

Stancu operators of gradual real numbers as in the following example: 

Example: Define 

𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆) = ൞

−1

2(𝑚𝑛𝑘)
𝑋 + 1,  𝑖𝑓     𝑋 ∈ (0,1],

0,  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 
ൢ 

and 

(𝜁, 𝑋)(𝜆) = ൝
1,  𝑖𝑓     𝑋 ∈ (0,1],
0,  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 ൡ. 

Then we have ቚ(𝜁, 𝑋)(𝜆)
ଵ

− 𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆)

ଵ
ቚ = |1 − 0| = 1, i.e., 

𝑑 ൬𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆), (𝜁, 𝑋)(𝜆)൰ ≥ 1 for all (𝑚, 𝑛, 𝑘) ∈ ℕଷ. Although the Borel summability of rough 

triple sequence spaces of Bernstein-beta Stancu operators of gradual real numbers of ൬𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆)൰ is 

not convergent to (𝜁, 𝑋)(𝜆), 

𝑙𝑖𝑚𝑠𝑢𝑝𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆) and 𝑙𝑖𝑚𝑖𝑛𝑓𝐴‖.‖ಸ,ௌೝೞ,,

(𝜁, 𝑋)(𝜆) of this Borel summability of rough triple 

sequence space of Bernstein-beta Stancu opeators of gradul real numbers are equal to (𝜁, 𝑋)(𝜆). Hence we get 

𝐿 ∈ ቂ𝑙𝑖𝑚𝑠𝑢𝑝𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆) − ቀ

ଵ

ଶ
ቁ

ଵ
, 𝑙𝑖𝑚𝑖𝑛𝑓𝐴‖.‖ಸ,ௌೝೞ,,

(𝜁, 𝑋)(𝜆) + ቀ
ଵ

ଶ
ቁ

ଵ
ቃ, but 

(𝜁, 𝑋)(𝜆) ∉ 𝐿𝐼𝑀
భ

మ𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆). 
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Theorem 2.4. Let 𝑓 be a continuous function defined on 𝜆 ∈ (0,1]. A Borel summability of rough triple 

sequence of Bernstein-beta Stancu operators of ൬𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆)൰ of real numbers converges to the gradual 

real numbers of (𝑓, 𝑋), then 

𝐿𝐼𝑀𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆) = 𝑆̅൫(𝜁, 𝑋)(𝜆)൯: = ൛𝜇 ∈ (𝜁, 𝑋)(𝜆) ∈ (ℝଷ): 𝑑൫𝜇, (𝜁, 𝑋)(𝜆)൯ ≤ 𝑟ൟ. 

Proof. Let 𝜖 > 0. Since the Borel summability of rough triple sequence space of Bernstein-beta Stancu 

operators of gradual real numbers of ൬𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆)൰ is convergent to (𝜁, 𝑋)(𝜆), there is an integer 

𝑚ఢ , 𝑛ఢ , 𝑘ఢ so that 

𝑑 ൬𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆), (𝜁, 𝑋)(𝜆)൰ < 𝜖 whenever 𝑚 ≥ 𝑚ఢ , 𝑛 ≥ 𝑛ఢ , 𝑘 ≥ 𝑘ఢ . 

Let 𝑌 ∈ 𝑆̅൫(𝜁, 𝑋)(𝜆)൯, we have 

𝑑 ቀ𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆), 𝑌ቁ ≤ 𝑑 ൬𝐴‖.‖ಸ,ௌೝೞ,,

(𝜁, 𝑋)(𝜆), (𝜁, 𝑋)(𝜆)൰ + 𝑑൫(𝜁, 𝑋)(𝜆), 𝑌൯ < 𝜖 + 𝑟 for every 𝑚 ≥

𝑚ఢ , 𝑛 ≥ 𝑛ఢ , 𝑘 ≥ 𝑘ఢ . 

Hence we have 𝑌 ∈ 𝐿𝐼𝑀𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆).  

Now let 𝑌 ∈ 𝐿𝐼𝑀𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆). Hence there is an integer 𝑚ఢ

 ᇲ , 𝑛ఢ
 ᇲ , 𝑘ఢ

 ᇲ  so that 

𝑑 ቀ𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆), 𝑌ቁ < 𝑟 + 𝜖 

whenever 𝑚 ≥ 𝑚ఢ
 ᇲ , 𝑛 ≥ 𝑛ఢ

 ᇲ , 𝑘 ≥ 𝑘ఢ
 ᇲ . Let 

൫𝑚ఢ
 ᇲᇲ

, 𝑛ఢ
 ᇲᇲ

, 𝑘ఢ
 ᇲᇲ

൯: = 𝑚𝑎𝑥൛(𝑚ఢ , 𝑛ఢ , 𝑘ఢ), ൫𝑚ఢ
 ᇲ , 𝑛ఢ

 ᇲ , 𝑘ఢ
 ᇲ൯ൟ 

for all 𝑚 ≥ 𝑚ఢ
 ᇲᇲ

, 𝑛 ≥ 𝑛ఢ
 ᇲᇲ

, 𝑘 ≥ 𝑘ఢ
 ᇲᇲ

, we obtain 

𝑑൫𝑌, 𝜁(𝑋)(𝜆)൯ ≤ 𝑑 ൬𝑌, 𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆)൰ + 𝑑 ൬𝐴‖.‖ಸ,ௌೝೞ,,

(𝜁, 𝑋)(𝜆), (𝜁, 𝑋)(𝜆)൰ < 𝑟 + 𝜖 + 𝜖 < 𝑟 + 2𝜖. 

Since 𝜖 is arbitrary, we have 𝑑൫𝑌, (𝜁, 𝑋)(𝜆)൯ ≤ 𝑟. Hence we get 𝑌 ∈ 𝑆̅൫(𝜁, 𝑋)(𝜆)൯. Thus, if the Borel 

summability of rough triple sequence space of Bernstein-beta Stancu operators of 

൬𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)൰ (𝜆) → (𝜁, 𝑋)(𝜆), then 𝐿𝐼𝑀𝐴‖.‖ಸ,ௌೝೞ,,

(𝜁, 𝑋)(𝜆) = 𝑆̅൫(𝜁, 𝑋)(𝜆)൯. 

 

Theorem 2.5. Let 𝑓 be a continuous function defined on 𝜆 ∈ (0,1]. A Borel summability of rough triple 

sequence of gradual real numbers of Bernstein-beta Stancu operators of ൬𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)൰ (𝜆) and 

൬𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑌)(𝜆)൰ ∈ (𝜁, 𝑋)(𝜆)(ℝଷ). If 𝐴‖.‖ಸ,ௌೝೞ,,

(𝜁, 𝑋)(𝜆) → (𝜁, 𝑋)(𝜆) then 
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𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑌)(𝜆) → (𝜁, 𝑌)(𝜆) and 𝑑 ൬𝐴‖.‖ಸ,ௌೝೞ,,

(𝜁, 𝑋)(𝜆), 𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑌)(𝜆)൰ ≤ 𝑟 for every (𝑚, 𝑛, 𝑘) ∈

ℕଷ. 

Proof. Assume that 𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑌)(𝜆) → (𝜁, 𝑌)(𝜆), as 𝑚, 𝑛, 𝑘 → ∞ and 

𝑑 ൬𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆), 𝐴‖.‖ಸ,ௌೝೞ,,

(𝜁, 𝑌)(𝜆)൰ ≤ 𝑟 for every (𝑚, 𝑛, 𝑘) ∈ ℕଷ. We have  

𝐴‖.‖ಸ,ௌೖ
(𝜁, 𝑌)(𝜆) → (𝜁, 𝑌)(𝜆), as 𝑚, 𝑛, 𝑘 → ∞ means that for every 𝜖 > 0 there exists an 𝑚ఢ , 𝑛ఢ , 𝑘ఢ such that 

𝑑 ൬𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑌)(𝜆), (𝜁, 𝑌)(𝜆)൰ < 𝜖 for all 𝑚 ≥ 𝑚ఢ , 𝑛 ≥ 𝑛ఢ , 𝑘 ≥ 𝑘ఢ . 

If the in equality 𝑑 ൬𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆), 𝐴‖.‖ಸ,ௌೝೞ,,

(𝜁, 𝑌)(𝜆)൰ ≤ 𝑟 yields then 

𝑑 ൬𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆), (𝜁, 𝑋)(𝜆)൰ ≤

𝑑 ൬𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆), 𝐴‖.‖ಸ,ௌೝೞ,,

(𝜁, 𝑌)(𝜆)൰ + 𝑑 ൬𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑌)(𝜆), (𝜁, 𝑌)(𝜆)൰ < 𝑟 + 𝜖 for all 𝑚 ≥

𝑚ఢ , 𝑛 ≥ 𝑛ఢ , 𝑘 ≥ 𝑘ఢ . 

Hence the Borel summability of rough triple sequence space of Bernstein-beta Stancu operators of 

൬𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆)൰ is 𝑟-convergent to the gradual real numbers (𝜁, 𝑋)(𝜆). 

 

Theorem 2.6. Let 𝑓 be a continuous function defined on 𝜆 ∈ (0,1]. A Borel summability of rough triple 

sequence of Bernstein-beta Stancu operators of ൬𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆)൰ of gradual real numbers and the diameter 

of an 𝑟-limit set is not greater than 3𝑟. 

Proof. We have to prove that 

𝑠𝑢𝑝 ቄ𝑑(𝑊, 𝑍): 𝑊, 𝑌, 𝑍 ∈ 𝐿𝐼𝑀𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆)ቅ ≤ 3𝑟. 

Assume on the contrary that 

𝑠𝑢𝑝 ቄ𝑑(𝑊, 𝑍): 𝑊, 𝑌, 𝑍 ∈ 𝐿𝐼𝑀𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆)ቅ > 3𝑟. 

By this assumption, there exists, 𝑊, 𝑌, 𝑍 ∈ 𝐿𝐼𝑀𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆) satisfying 𝜆: = 𝑑(𝑊, 𝑍) > 3𝑟. For 

an arbitrary 𝜖 ∈ ቀ0,
ఒ

ଷ
− 𝑟ቁ, we have 

∃൫𝑚ఢ
 ᇲ , 𝑛ఢ

 ᇲ , 𝑘ఢ
 ᇲ൯ ∈ ℕଷ: ∀𝑚 ≥ 𝑚ఢ , 𝑛 ≥ 𝑛ఢ , 𝑘 ≥ 𝑘ఢ ⟹ 𝑑 ቀ𝐴‖.‖ಸ,ௌೝೞ,,

(𝜁, 𝑋)(𝜆), 𝑊ቁ ≤ 𝑟 + 𝜖, 

∃൫𝑚ఢ
 ᇲᇲ

, 𝑛ఢ
 ᇲᇲ

, 𝑘ఢ
 ᇲᇲ

൯ ∈ ℕଷ: ∀𝑚 ≥ 𝑚ఢ , 𝑛 ≥ 𝑛ఢ , 𝑘 ≥ 𝑘ఢ ⟹ 𝑑 ቀ𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆), 𝑌ቁ ≤ 𝑟 + 𝜖, 

∃൫𝑚ఢ
 ᇲᇲᇲ

, 𝑛ఢ
 ᇲᇲᇲ

, 𝑘ఢ
 ᇲᇲᇲ

൯ ∈ ℕଷ: 𝑚 ≥ 𝑚ఢ , 𝑛 ≥ 𝑛ఢ , 𝑘 ≥ 𝑘ఢ ⟹ 𝑑 ቀ𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆), 𝑍ቁ ≤ 𝑟 + 𝜖. 
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Define (𝑚ఢ , 𝑛ఢ , 𝑘ఢ): = 𝑚𝑎𝑥൛൫𝑚ఢ
 ᇲ , 𝑛ఢ

 ᇲ , 𝑘ఢ
 ᇲ൯, ൫𝑚ఢ

 ᇲᇲ
, 𝑛ఢ

 ᇲᇲ
, 𝑘ఢ

 ᇲᇲ
൯, ൫𝑚ఢ

 ᇲᇲᇲ
, 𝑛ఢ

 ᇲᇲᇲ
, 𝑘ఢ

 ᇲᇲᇲ
൯ൟ. 

Thus we get 

𝑑(𝑊, 𝑍) ≤ 𝑑 ቀ𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆), 𝑊ቁ + 𝑑 ቀ𝐴‖.‖ಸ,ௌೝೞ,,

(𝜁, 𝑋)(𝜆), 𝑌ቁ + 𝑑 ቀ𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆), 𝑍ቁ 

< (𝑟 + 𝜖) + (𝑟 + 𝜖) + (𝑟 + 𝜖) 

< 3(𝑟 + 𝜖) 

< 3𝑟 + 3 ൬
𝜆

3
− 𝑟൰ < 3𝑟 + 𝜆 − 3𝑟 

 = 𝜆 for all 𝑚 ≥ 𝑚ఢ , 𝑛 ≥ 𝑛ఢ , 𝑘 ≥ 𝑘ఢ 

which contradicts to the fact that 𝜆 = 𝑑(𝑊, 𝑍). 

 

Theorem 2.7. Let 𝑓 be a continuous function defined on 𝜆 ∈ (0,1]. A Borel summability of rough triple 

sequence of Bernstein-beta Stancu operators of ൬𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆)൰ of gradual real numbers is analytic if and 

only if there exists an 𝑟 ≥ 0 such that 𝐿𝐼𝑀𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆) ≠ 𝜙. 

Proof. Necessity: Let the Borel summability of rough triple sequence space of Bernstein-beta Stancu operators 

of ൬𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆)൰ be a analytic sequence and 

𝑠: = 𝑠𝑢𝑝 ቄ𝑑 ቀ𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)ଵ/ାା(𝜆), 0ቁ : (𝑚, 𝑛, 𝑘) ∈ ℕଷቅ < ∞. 

Then we have 0 ∈ 𝐿𝐼𝑀௦𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆), i.e., 𝐿𝐼𝑀𝐴‖.‖ಸ,ௌೝೞ,,

(𝜁, 𝑋)(𝜆) ≠ 𝜙, where 𝑟 = 𝑠. 

Sufficiency: If 𝐿𝐼𝑀𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆) ≠ 𝜙 for some 𝑟 ≥ 0, then there exists (𝜁, 𝑋)(𝜆) ∈

𝐿𝐼𝑀𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆). By definition, for every 𝜖 > 0 there is an integer (𝑚ఢ , 𝑛ఢ , 𝑘ఢ) so that 

𝑑 ൬𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆), (𝜁, 𝑋)(𝜆)൰ < 𝑟 + 𝜖 whenever 𝑚 ≥ 𝑚ఢ , 𝑛 ≥ 𝑛ఢ, 𝑘 ≥ 𝑘ఢ . 

Define 

𝑡 = 𝑡(𝜖): = 𝑀𝑎𝑥൛𝑑൫(𝜁, 𝑋)(𝜆), 0൯, 𝑑൫𝑆ଵଵଵ,,(𝜁, 𝑋)(𝜆), 0൯, ⋯ , 𝑑൫𝑆ച௦ച௧ച,,(𝜁, 𝑋)(𝜆), 0൯, 𝑟 + 𝜖ൟ. 

Then we have 

𝐴‖.‖ಸ,ௌೝೞ,,
∈ {𝜇 ∈ (𝜁, 𝑋)(𝜆)(ℝଷ): 𝑑(𝜇, 0) ≤ 𝑡 + 𝑟 + 𝜖} for every (𝑚, 𝑛, 𝑘) ∈ ℕଷ, 

which proves the boundedness of the Borel summability of rough triple sequence space of Bernstein-beta 

Stancu operators of gradual real numbers of ൬𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆)൰. 
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Theorem 2.8. Let 𝑓 be a continuous function defined on 𝜆 ∈ (0,1]. A Borel summability of rough triple 

sequence of Bernstein-beta Stancu operators of ൬𝐴‖.‖ಸ,ௌೠೡೢೖ,,
(𝜁, 𝑋)(𝜆)൰ of real numbers is a sub sequence of 

a Borel summability of rough triple sequence space of Bernstein-beta Stancu operators of 

൬𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆)൰, then 𝐿𝐼𝑀𝐴‖.‖ಸ,ௌೝೞ,,

(𝜁, 𝑋)(𝜆) ⊂ 𝐿𝐼𝑀𝐴‖.‖ಸ,ௌೠೡೢೖ,,
(𝜁, 𝑋)(𝜆). 

Proof. Omitted. 

 

Theorem 2.9. Let 𝑓 be a continuous function defined on 𝜆 ∈ (0,1]. A Borel summability of rough triple 

sequence of Bernstein-beta Stancu operators of ൬𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆)൰ of gradual real numbers, for all 𝑟 ≥ 0, 

the 𝑟-limit set 𝐿𝐼𝑀𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆) of an arbitrary Borel summability of rough triple sequence space of 

Bernstein-beta Stancu operators of gradual real numbers of 𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆) is closed. 

Proof. Let (𝑌) ⊂ 𝐿𝐼𝑀𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑌)(𝜆) and 𝐴‖.‖ಸ,ௌೝೞ,,

(𝜁, 𝑌)(𝜆) → (𝜁, 𝑌)(𝜆) as 𝑚, 𝑛, 𝑘 → ∞. Let 

𝜖 > 0. Since the Borel summability of rough triple sequence space of Bernstein-beta Stancu operators of 

gradual real numbers of ൬𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑌)(𝜆)൰ → (𝜁, 𝑌)(𝜆) there is an integer 𝑖ఢ𝑗ఢℓఢ so that 

𝑑 ൬𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑌)(𝜆), (𝜁, 𝑌)(𝜆)൰ <

ఢ

ଶ
 whenever 𝑚 ≥ 𝑖ఢ , 𝑛 ≥ 𝑗ఢ , 𝑘 ≥ ℓఢ . 

Since 𝑆ചചℓച,,(𝜁, 𝑌)(𝜆) ∈ 𝐿𝐼𝑀𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆), there is an integer 𝑚ఢ𝑛ఢ𝑘ఢ so that 

𝑑 ൬𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆), 𝐴‖.‖ಸ,ௌചೕചℓച,,

(𝜁, 𝑌)(𝜆)൰ < 𝑟 +
ఢ

ଶ
 whenever 𝑚 ≥ 𝑚ఢ , 𝑛 ≥ 𝑛ఢ , 𝑘 ≥ 𝑘ఢ . 

Therefore, we have 

𝑑 ൬𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆), (𝜁, 𝑋)(𝜆)൰ ≤ 𝑑 ൬𝐴‖.‖ಸ,ௌೝೞ,,

(𝜁, 𝑋)(𝜆), 𝐴‖.‖ಸ,ௌചೕചℓച,,
(𝜁, 𝑌)(𝜆)൰ < 𝑟 +

𝜖

2
+

𝜖

2
= 𝑟 + 𝜖 

for every 𝑚 ≥ 𝑚ఢ , 𝑛 ≥ 𝑛ఢ , 𝑘 ≥ 𝑘ఢ . 

Hence 𝐿 ∈ 𝐿𝐼𝑀𝐴‖.‖ಸ,ௌೝೞ,,
(𝜁, 𝑋)(𝜆) implies that the set 𝐿𝐼𝑀𝐴‖.‖ಸ,ௌೝೞ,,

(𝜁, 𝑋)(𝜆) is closed. 
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