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I. Introduction

The term "fuzzy numbers" are often applied instead of "fuzzy intervals", especially if the core of fuzzy interval
is a point (like; triangular fuzzy number). But such fuzzy numbers also generalize intervals not numbers. Also
fuzzy arithmetics in herit algebraic properties of interval arithmetic, not of numbers. Hence the name "fuzzy
number", used by many authors is debatable. To avoid this confusion, the authors introduce a new concept in
fuzzy set theory as "gradual real numbers". A gradual number in general cannot be considered as a fuzzy set of
real numbers because the mapping from the unit interval to the real line is not necssarily one to one. However
gradual real numbers are equipped with the same algebraic structures as real numbers.

In this paper, we introduce and study the set of rough gradual real numbers along with triple sequence spaces of
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Borel summability method and some basic topological properties of it.
Let X be a real vector space and ||. || be a mapping from X — G*(R3). Consider A be a assignment function

language. A triple sequence x € (S;nx) and A € (0,1] is said to be triple gradual Borel summable to S if the

m+n+k
SETIES Y=o Dme0 Dokeo (:HT%)!A”_”G,Smnk (1) converges for all x € R and

&) o &) xm+n+k
e‘xz Z Z — A A1) > S x> oo,
m=0bmdn=0 Lmii=0 (M + 1 + k)! S (4)

In this we define triple rough Borel summability method for sequences and series of gradual real numbers.

Definition 1.1. Let X be a real vector space and ||.||; be a mapping from X — G*(R3?). A be a assignment
function language . Consider (u,,,;) be a triple sequence of gradual real numbers and A € (0,1]. Then the
expression ). > ) Alllletmnk (1) is called a series of triple gradual real numbers. Denote
Srst = Xm=0 Ln=0 2te=0 Allllgamme ) for all 7,s,t € N. If the sequence (Sys) converges to a gradual real
number u, then we say that the series Y, ¥ ¥ Aj iz (A) Of gradual real numbers converges to A j,.(4) and
write % % X Ajjiewmmnk @A) = Ajjieu(A) which implies as 7,s,t — oo that Y7, Y50 Yo Ao D =
Ajjieu=AD) and X7 o X350 > o A”.”G'u;mk (1) = Ay ,u*+ (D) uniformly in 4 € (0,1].

Conversely, if the gradual real numbers
Al gt () = {(An.ua.u;mk D A it (/1)) 1€ (011},
=0 Zn=0 Lk=0 Allllguzme@® = Allgu-A) and Xh_o 50 Ti=o Ap g, (A = Apjigur(A)  converge
uniformly in A, then A, (1) = {(A”.” o= At (A)) A E (0,1]} defines a gradual real numbers such

thatu = ¥ ¥ ¥ Ajjigupmme D-

We say other wise the series of gradual real numbers diverges. Additionally, if the triple sequence gradual real

numbers (S,;) is bounded then we say that the series 3 ¥ X A jioum (A of gradual real numbers is bounded.

We denote the set of all bounded series of gradul real numbers by bs(F).

Definition 1.2. A triple sequence (Uy,,) and A € (0,1] of gradual real numbers is said to be Borel summable to

{ € E if the series

fx) = Zj;o Zj:o Zj:o %A”'”G’umnk @

converges for x € (0,00) and lim,_ e *f(x) = (.

The idea of rough convergence was first introduced by Phu (Phu, 2001, 2002, 2003) in finite dimensional
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normed spaces. He showed that the set LIM}, is bounded, closed and convex; and he introduced the notion of
rough Cauchy sequence. He also investigated the relations between rough convergence and other convergence
types and the dependence of LIM}, on the roughness of degree r.

Aytar (Aytar, 2008a) studied of rough statistical convergence and defined the set of rough statistical limit points
of a sequence and obtained two statistical convergence criteria associated with this set and prove that this set is
closed and convex. Also, Aytar (Aytar, 2008b) studied that the r —limit set of the sequence is equal to
intersection of these sets and that r —core of the sequence is equal to the union of these sets. Diindar and Cakan
(Diindar and Cakan, 2014) investigated of rough ideal convergence and defined the set of rough ideal limit
points of a sequence The notion of I —convergence of a triple sequence spaces which is based on the structure
of the ideal I of subsets of N X N X N, where N is the set of all natural numbers, is a natural generalization of
the notion of convergence and statistical convergence.

Let K be a subset of the set of triple positive integers N3, and let us denote the set {(m,n,k) € K:m <u,n <

|KuVW|
uvw ’

v,k < w} by K,y Then the natural density of K is given by §(K) = limy - where |Ky,w| denotes

the number of elements in K,,,,. Clearly, a finite subset has natural density zero, and we have §(K¢) =1 —
6 (K) where K¢ = N\K is the complement of K. If K; € K,, then 6(K;) < 6(K;).
Throughout the paper, R3 denotes the real three dimensional space with metric (X,d). Consider a triple
sequence X = (X,,nx) such that x,,,,,, € R,m,n, k € N.
A triple sequence spaces x = (Xpynx) is said to be statistically convergent to 0 € R, written as st — lim x = 0,
provided that the set

{m,n, k) € N3: | x| = €}
has natural density zero for any € > 0. In this case, 0 is called the statistical limit of the triple sequence spaces
X.
If a triple sequence spaces is statistically convergent, then for every € > 0, infinitely many terms of the
sequence may remain outside the € —neighbour hood of the statistical limit, provided that the natural density of
the set consisting of the indices of these terms is zero. This is an important property that distinguishes statistical
convergence from ordinary convergence. Because the natural density of a finite set is zero, we can say that
every ordinary convergent sequence is statistically convergent.
If a triple sequence spaces x = (X,,ni) satisfies some property P for all m,n, k except a set of natural density
zero, then,we say that the triple sequence spaces x satisfies P for "almost all (m,n, k)" and we abbreviate this

by "a.a. (m,n, k)".

Let (xmin]-kg) be a sub-sequence of x = (Xnx). If the natural density of the set K = {minjk{; e N:(i,j,?) €
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N3} is different from zero, then (xminj k {,) is called a non thin sub sequence of a triple sequence spaces x.

¢ € R is called a statistical cluster point of a triple sequence spaces x = (X)) provided that the natural
density of the set
{tm,n, k) € N3: |x i — ¢| < €}

is different from zero for every € > 0. We denote the set of all statistical cluster points of the sub sequence x by
|
A triple sequence spaces x = (X)) is said to be statistically analytic if there exists a positive number M such
that

S({(m,n, k) € N3: |xp |Y/™E > M) = 0.
First applied the concept of (p,q)-calculus in approximation theory and introduced the (p,q)-analogue of
Bernstein operators. Later, based on (p, q)-integers, some approximation results for Bernstein-Stancu operators,
Bernstein-Kantorovich operators, (p, q)-Lorentz operators, Bleimann-Butzer and Hahn operators and Bernstein-
Shurer operators etc.
In computer-aided geometric design and applied these Bernstein basis for construction of (p, q)-Bezier curves
and surfaces based on (p, q)-integers which is further generalization of q-Bezier curves and surfaces.
Motivated by the above mentioned work on (p, q)-approximation and its application, in this paper we study
statistical approximation properties of Bernstein Stancu beta operators based on (p, q)-integers.
Now we recall some basic definitions about (p, q)-integers. For any u, v,w € N, the (p, q)-integer [uvw],, is

defined by

uvw _ ,uvw

P ifu,v,w=1,

[0],4:= 0and [uvw],, =
where 0 < g < p < 1. The (p, q)-factorial is defined by
[0],4':=1and [uvw]ly, 4 = [1]'pq [6]'pq [UvW]!y 4 ifw, v, W = 1.

Also the (p, g)-binomial coefficient is defined by

uN o W [uvw]!,,
(m) (n) <k>p,q - [mnk]!p,q [(u—m)+ (Vp—q n)+w— k)]!p,q

forall u,v,w,mn,k € Nwithu >m,v >n,w > k.

The formula for (p, ) —binomial expansion is as follows:

(u-m)(u—m-1)+w-— n)(v n-1)+w-k)(w-k-1) m(m- 1)+n(n 1)+k(k—-1)
o=y Y Y q
m=0 n=0 k= 0

(m) (n) <k> a(u m)+(w-n)+(w-— k)bm+n+kx(u m)+(v-n)+(w-— k)ym+n+k
p.q

(x + y)uvw _ (x + y)(px + qy)(p6x + qéy) (p(u—1)+(v—1)+(w—1)x + q(u—1)+(v—1)+(w—1)y),
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(1- uvw =(1- x)(p _ CIX)(p6 _ q6x) (p(u—1)+(v—1)+(w—1) _ q(u—1)+(v—1)+(w—1)x), and

m(m-1)+n(n—-1)+k(k—1)

(x mnk = x(px) (p°x) --- (p(u—1)+(v—1)+(w—1)x) =p 6

The Bernstein operator of order (7, s, t) is given by

Byse(f, %) = Zm Ozn Ozk . (T::f) m) (Tsl) (Ii) xMFNHK (1 x)(m=r)+(n=s)+(k=1)

where f is a continuous (real or complex valued) function defined on [0,1].

The (p, q)-Bernstein operators are defined as follows:

m(m-1)+n(n—-1)+k(k—1) 4k
m+n
rstpq(f x) = r(r 1)+s(s D+t(t-1) § § § ( )p 6 X

m=0 n=0 k=

l—[(r m-1)+(s—n—-1)+(t—-k-1) (pu _ qux)f( [mnk]p q ),x € [0,]_] (1.1)

p(m—r)+(n—s)+(k—t) [‘r'St] 2.4

Also, we have

rSt m+n+k (r-m)(r-m—1)+(s— n)(s n-1)+(t-k)(t—-k-1) m(m- 1)+n(n 1)+k(k-1)
o-op= Y Y Y :
m=0 n=0 k=0
t
(17.;1) (fl) (k) xm+n+k
(p, q)-Bernstein Stancu operators are defined as follows:

m(m-1)+n(n—-1)+k(k—1) M4k
Tstp q(f x) - r(r 1)+s(s 1)+t(t—-1) Z Z Z < )p 6 x

m=0 n=0 k=

l—[(r m-D+(s-n-D+(E-k-1) (pu _ quy) (p“‘m”(s‘“)’f(f-k)[mnk]p_q+n),x € [0,1] (1.2)
[rstlp,qtu

Note that for n = u = 0, (p, g)-Bernstein Stancu operators given by (1.2) reduces into (p,q)-Bernstein
operators. Also for p = 1, (p, q)-Bernstein Stancu operators given by (1.1) turn out to be g-Bernstein Stancu
operators.

Let0 < g <p < 1andx € [0,). We introduce the (p, q)-Stancu-beta operators as follows:

Suvw,pq (f' x) =

(rst) [uvw pq(x—l)
qu([uvw]pqx uvw] q+3)f f fO (1+(rst)) [uvwlpqx+[uvwlpg+3

f(p [qu]pqx’ q [u”W]pqxrst)dpq rdpq Sdpq t.

Let f be a continuous function defined on the closed interval [0,1]. A triple sequence of beta Stancu operators
of (Srst,p,q (f, x)) is said to be statistically convergent to 0 € R, written as st — lim x = 0, provided that the

set

K. = {(m, n, k) € N3: |S‘r'st,p,q(ff x) — (f, x)| > 6}

has natural density zero for any € > 0. In this case, 0 is called the statistical limit of the triple sequence of beta
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Stancu operators. i.e., 6 (K.) = 0. That is,

1
ﬁ'{m Sp;n < qu S] |Srst,p,q(f’x) - (f,X)| = E}l = 0.

In this case, we write § — limS,g; g (f, X) = (f, %) 0 Sy o (f, x) =55 (f, %).

limy g 00

The theory of statistical convergence has been discussed in trigonometric series, summability theory, measure
theory, turnpike theory, approximation theory, fuzzy set theory and so on.

A triple sequence (real or complex) can be defined as a function x: N> - R(C), where N, R and C denote the set
of natural numbers, real numbers and complex numbers respectively. The different types of notions of triple
sequence was introduced and investigated at the initial by Sahiner et al. (Sahiner et al., 2007) and Sahiner and
Tripathy (Sahiner and Tripathy, 2008), Esi (Esi, 2014), Esi and Catalbas (Esi and Catalbas, 2014), Esi and
Savas (Esi and Savas, 2015), Esi et al. (Esi et al., 2016, 2017a, 2017b), Dutta et al. (Dutta et al., 2013),
Subramanian and Esi (Subramanian and Esi, 2015, 2017), Debnath et al. (Debnath et al., 2015) and many
others.

A triple sequence x = (X;,1) 1S said to be triple analytic if

Uy s [T < 0.
The space of all triple analytic sequences are usually denoted by A3.
The Borel summability of gradual real numbers is denoted by ({,X)(1) € (R), and d denotes the supremum
metric on ({,X)(1) € (R3). Now let r be nonnegative real number. A Borel summability of rough triple

sequence space of greadual real numbers of beta stancu operators of Az s s pa (¢,X)(1) of gradual real

numbers is 7 — convergent to a gradul real number ({, X) (1) and we write
A”-”Gvsrst,p,q ({; X) (A) il ((! X) (A) asm,n, k — oo,

provided that for every € > 0 there is an integer m,, ng, k. so that
d (AII-IIG.Srst,p,q ¢, X)), X)(/l)) < r+ € wheneverm > m.,n > n. k = k..

The set
LIMT A} g 510 (€ X (D)

={@. D € @D € ®R): Ayjgs,00 G XD 57 XA, as mnk - oo}

is called the r-limit set of the Borel summability of rough triple sequence space of gradual real numbers of beta

Stancu operators of (A”.” 6Srstpa () (A)).

A Borel summability of rough triple sequence space of beta Stancu operators of gradual real numbers which is

divergent can be convergent with a certain roughness degree. For instance, let us define
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n(X), ifmmnk are odd integers,
Al Srsepq ($ X)) = {u(X), otherwise :

where
X, if Xelo1],
0, otherwise
and
X -3, if Xe€l[3/4],
0, otherwise
Then we have where
3
o, ifr<-=,

2

LIMT™A X)) =
ll-lg.Srst,p.q €, X0 [u—r,n+r] otherwise

where 77 is nonnegative real number with

(u—r,m+nl= {A||.||G,srst_p_q (€,X)) € (X)) € (R®): i =11 S A g550pg € XA <1 + r1}-
The ideal of rough convergence of a Borel summability of triple sequence space of gradual real numbers of beta

Stancu operators can be interpreted as follows:

Let (A”-”G'Srst,p,q({ ,Y) (A)) be a convergent triple sequence space of beta stancu operators of gradual real
numbers. Assume that (A”.” 6Srstpi €, Y) (/1)) cannot be determined exactly for every (m,n, k) € N3, That is,
(A”.” GSrstpq S Y)(/l)) cannot be calculated so we can use approximate value of (A”_” 6Srstpq (S Y)(/l)) for

simplicity of calculation. We only know that (A”.” 6Srstp ) (A)) € [tmnk> Ymnr), Wwhere d (Umni Vi) < T

for every (m,n, k) € N3. The Borel summability of rough triple sequence space of gradul real numbers of beta

stancu operators of (A”-”G'Srst,p,q((’X)(A)) satisfying (A”-”G'Srst,p,q((’X)(A)) € [Umni> Ymnr), for all m,n, k.

Then the Borel summability of rough triple sequence space of gradual real numbers of beta stancu operators of

(A”.” 6Srstpa ¢, X) (/1)) may not be convergent, but the inequality
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4 (A g 51109 G OD, € OD)
<d (All-llclsrst,p.q (C. X) (/D' A||.||g,Sr5t,p,q ((! Y) QD) +d (A”-”Gvsrst,p,q (z’ Y) (/1)' ({' Y) OD)

<7+ d (A g5, G VD, E D)
implies that the Borel summability of rough triple sequence space of gradual real numbers of beta Stancu
operators of (A”_” 6Srstpa €, X) (/1)) is r-convergent.

In this paper, we first define the concept of rough convergence of a Borel summability of triple sequence
space of beta Stancu operators of gradual real numbers. Also obtain the relation between the set of rough limit
and the extreme limit points of a Borel summability of triple sequence space of beta stancu operators of gradul
real numbers. We show that the rough limit set of a Borel summability of triple sequence space of gradual real

numbers of beta Stancu operators is closed, bounded and convex.

I1. Main Results
Theorem 2.1. Let f be a continuous function defined on A € (0,1]. A Borel summability of rough triple

sequence of Bernstein-Stancu operators of (AII-IIG.Srst,p,q @, X)(/l)) of gradual real numbers. If ({,X)(1) €

LIMrA”-”G,Srst,p,q ({, X) (A), then

diam (lim SUD Al Srsepq 6 X)), ((,X)(/D) <r

and

diam (lim inf A”-”G'Srst,p,q((’X)(A)’ ({,X)(A)) <r.
Proof. We assume that diam (lim SUD  Aig,Srsepaq ., X, X)(A)) > 7.

(lim SUD Al g.Systp,q ($X (D, (EX) (D)-r

2

Define €: = . By definition of limit supremem, we have that given
me, Ny, k; €N there exists an (mnk) N3 with m>=m.,n>n.k>k, such that
diam (lim SUP  Alllig.Srsepq X, ¢, X) (A)) < é&. Also, since Al Srsepq ., X)) -" ((,X)(1) as
m,n, k — oo, there is an integer mé’, né’, kg” so that

d (Au.nc,srst,,,,q(f X)), (¢, X) (/1)) <r+e

144 144 144
whenever m > mg ,n > ng ,k = kg . Let

(meg, ng, ke):= max{(mg’, né, kg'), (mg”, né', kg”)},
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There exists (m,n, k) € N3 such that m > mgz,n = ng, k > k; and

diam(lim sup A”-”Gvsrst,p,q((’X)(A)’({’X)(A))
< @O diam (lim sup Ay s, 6O, A 5300, G OD)

+ diam (A”-”G:Srst,p,q (/1), ((, X) (/1))

<€+r+¢€
<r+ 2€

=1+ diam (lim SUP  Allllg,Sysep.q (6 XA, (G, X)(/l)) -r

— diam (lim SUD Aoy G XD, (X (,1)).
The contradiction proves the theorem. Similarly,

diam (lim inf AlgSesepq XN, (., X) (A)) < r can be proved using definition of limit infimum.

Theorem 2.2. Let f be a continuous function defined on A € (0,1]. A Borel summability of rough triple
sequence of Bernstein-Stancu operators of (AII-IIG.Srst,p,q @, X)(A)) of gradual real numbers. If

LIMrA”_”G,Srst_p'q (¢,X)(1) # ¢, then we have
LIMTA”-”G-Srst,p,q ({, X) (/1) c [(limsupA”_”G'Srst’p'q ({, X) (/1)) -1, (limian”-”G'Srst,p,q ({, X) (/1)) + 7'1].

Proof. To prove that (§, X)(A) € [(1imsupAy 5,y 6 @) = 13, (Hinf Ay 5,0, € OD) ) 73] For
an arbitrary ({,X)(1) € LIMrA”_”G,Srst'p'q @, X)), ie.,
(15U A 5,00 G OD) = 11 < @ IOVA) < (UINF Al g5, G OD) + 75

Let us assume that (limsupA”.” G:Srstp ¢, X) (A)) —1; < (¢,X)(A) does not hold.Thus, there exists an

a, € (0,1] such that

(limsupA”.”G,Srst'p’q ((, X)(/l)O‘O) e ((, X)(/l)a’o or (limsupA”_”G'Smnk((, X)(/l)“o) —-n >< ({, X)(/l)ao

holds i.e.,

(limsupA”.”G,Srst'p’q (¢ X)(/l)“‘)) —(,X)(A)% > 1, or (limsupA||_||G,srst,p,q @, X)(/l)“o) -< (¢ X)(/Dao > 1.

On the other hand, by theorem 2.1 we have

22



A. Indumathi, A. Esi and N. Subramanian On gradual Borel summability method of rough convergence...

<n

(limsupA”_”G,Srst'p'q ¢ a") — ({, X))

and

<.

. a0 ——%0
|(EmSUuPAY 15,009y G O ) =< T XOD
We obtain a contradiction. Hence we get (limsupA”.” 6Srstpa ¢, X) (/1)) — 1 < (¢,X)(1). By using the

similar arguments and get it for second part.

Note 2.3. The converse inclusion in this theorem holds for f be a continuous function defined on 1 € (0,1]. A
Borel summability of rough triple sequence of Bernstein-beta Stancu operators of (A”_” 6Srstp €, X) (A)) of

gradual real numbers, but it may not hold for Borel summability of rough triple sequences of Bernstein-beta
Stancu operators of gradual real numbers as in the following example:

Example: Define

X+1, if Xe(0,1]

_ ) 2(mnk)
A ) X A -
lllG.Srstp.q ({ ) ( ) 0, otherwise

and

1, if Xe(01],
(Z,X)(/U={O, otherwise }

1 1
Then we have [, X)) = Apg 5,009g G OD | = 11-0] = L,
d (A”.” 6Srstpa ., X)), ¢, X) (A)) > 1 for all (m,n, k) € N3. Although the Borel summability of rough

triple sequence spaces of Bernstein-beta Stancu operators of gradual real numbers of (A”_” 6Srstpa €, X) (/1)) is

not convergent to ({, X)(1),
limsupA||ji6,5y5e.p.q (¢, X)(A) and liminf A, Srstpia (¢, X)(2) of this Borel summability of rough triple

sequence space of Bernstein-beta Stancu opeators of gradul real numbers are equal to ({, X)(4). Hence we get

. 1 o L
Le [llmsupA”.”G_Srst’p’q @) - (5)1 UMInf Ay 16.5,50.0 (6 X)) + (5)1], but

@ XD € LIMZ A5, 6 X)),
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Theorem 2.4. Let f be a continuous function defined on A € (0,1]. A Borel summability of rough triple
sequence of Bernstein-beta Stancu operators of (A”.” 6Srstpa ¢, X) (/1)) of real numbers converges to the gradual

real numbers of (f, X), then
LIM" All6.5r50p, 6 X)) = 5:.(€, X0 D): = { € (€, X)) € RD:d(1, €, X0D) < 7).

Proof. Let € > 0. Since the Borel summability of rough triple sequence space of Bernstein-beta Stancu
operators of gradual real numbers of (AII.IIG.Srst,p,q @, X)(A)) is convergent to ({,X)(A), there is an integer
me, n, k. so that
d (A”.”G,Srst’p’q((, X)), (¢,X) (,1)) < € whenever m = mg,n = n,, k = k..
LetY € fr(((, X) (/1)), we have

A (Aposysepg G XD, Y) < d (A”_”G,Sm,p,q @XM, (. X) (/1)) +d((@ X)), Y) <e+r for every m>

me,n =ngk = k..

Hence we have Y € LIMrA”_”G'Srst’p'q Z,XH).
Now letY € LIMrAIl.II(;.Srst,p_q (¢,X)(A). Hence there is an integer mE’, nE’, kel so that

4 (Al 5psepg G XD, Y) <7+ €

! ! !
whenever m > m.,n = n., k = k.. Let

124 14

(me ,n, ,ken): = max{(me, ng, k), (mel,ne', ke')}

" " 1 .
forallm >m, ,n >n. ,k > k. , we obtain

d(Y,c0Mm) <d (Y,A”_”G,Srst_p_q @ X)(A)) +d (A”_”G,Srst'p_q @XM, €,X) (/1)) <rtete<r+2e

Since € is arbitrary, we have d(Y, @, X)(/l)) < r. Hence we get Y € §r(({, X) (/1)) Thus, if the Borel

summability of rough triple sequence space of Bernstein-beta  Stancu  operators  of

<A||.||G,srst,p,q «, X)) (D) =" (¢, X)(A), then LIM" Ay 1. s,..,.. (£, X)) = 5.(({, X)(D)).

Theorem 2.5. Let f be a continuous function defined on A € (0,1]. A Borel summability of rough triple

sequence of gradual real numbers of Bernstein-beta Stancu operators of <A”-”Gvsrst,p,q({’X)) (1) and

(41150 G D) € @ OD R If AloSreng G XA =7 (€, X)A) then
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A”-”G:Srst,p,q ((, Y)(A) -7 ({, Y) (ﬂ,) and d (A”-”G'Srst,p,q ({, X)(A)’A”-”G'Srst,p,q ({, Y) (A)) < r for cvery (m, n, k) €
N3,

Proof. Assume that Alll6.Srsepia &, Y)A) =" (,Y)(A), as m,n, k - o and
d (A”-”G'Srst,p,q ({, X)(A)’A”-”G'Srst,p,q ({, Y)(/l)) <r for every (m, n, k) € N3, We have

Alliesmm ($ YA =7 (§,Y)(A), as m,n, k — oo means that for every € > 0 there exists an m, n, k. such that

d (A”-”Gvsrst,p,q ({' Y)(}{), ((, Y) (}{)> < eforallm > me,n > N, k > kE'
If the in equality d <A||-”G,Srst,p.q ((; X) (A), A”'”G:Srst,p,q ({, Y) (A)) <r YICIdS then
d (Au.nc.srst,p,q €W, X )(/1)) <

@Al 51000 G 0D, A 5100 G VD) + (A 5,0 G DAL G D)) <7+ € Forall m 2

me,n =ngk = k..

Hence the Borel summability of rough triple sequence space of Bernstein-beta Stancu operators of

(A”.” 6:Srstp ¢, X) (A)) is r-convergent to the gradual real numbers (, X)(1).

Theorem 2.6. Let f be a continuous function defined on A € (0,1]. A Borel summability of rough triple
sequence of Bernstein-beta Stancu operators of (A”_” Srstpa ¢, X) (/1)) of gradual real numbers and the diameter

of an r-limit set is not greater than 37.
Proof. We have to prove that
sup {d(w, Z):W,Y,Z € LIM Ay 500, (6 X) (/1)} < 3r.
Assume on the contrary that
sup {d(W, 2):W,Y,Z € LIM Ay .., (3,X) (,1)} > 3r.

By this assumption, there exists, W,Y,Z € LIM" A |i; 5,5, (§, X) () satisfying 2: = d(W, Z) > 3r. For
an arbitrary € € (0,% — r), we have

EI(mE',nEI,kE') eENd:vm>m,n=nk=k.>d (A”-”G'Srst,p,q({’X)(A)’ W) <r+e,

" 12

El(me M 'ke”) eEN:vm>m,n=>n,k=>k.=d (A”-”Gnsrst,p,q({’X)(A)’Y) <r+e,

" nr nr

A(m" nl" k") ENBm 2 me,n 2 nek 2 ke = d (A0, G XD, Z) ST +E.
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14 14

Deﬁne (mE’ nE’ kE): = max{(mE” nE’) kE’)’ (mE ) nE ) kE”)’ (mEHI’ nE’”; keul)}'
Thus we get
dw,z) <d (A".”G,Srst,p,q ¢, X)), W) +d (A||.|Ic.srst,p,q ¢, X0, Y) +d (A”-”G:Srst,p,q @, X)(A),Z)
<T+e)+@+e)++e)

<3(r+e)

A
<3r+3(§—r)<3r+ﬂ—3r

= Aforallm=>me,n=>n.,k >k,

which contradicts to the fact that A = d(W, Z).

Theorem 2.7. Let f be a continuous function defined on A € (0,1]. A Borel summability of rough triple
sequence of Bernstein-beta Stancu operators of (A”.” 6Srstpq €, X) (A)) of gradual real numbers is analytic if and

only if there exists an 7 > 0 such that LIM"Ay . s, - 0, X)) # ¢.

Proof. Necessity: Let the Borel summability of rough triple sequence space of Bernstein-beta Stancu operators

of (A”.” 6Srstp €, X) (/1)) be a analytic sequence and

S:= sup {d (A||,||G,srst,p,q «, X)l/m+n+k(ﬁ),0) :(m,n, k) € N3} < oo,
Then we have 0 € LIMSA”_”G,Srst'p'q €, X)), i.e., LIMrA”.”G,Srst_p'q ((,X)(A) # ¢, where r = s.
Sufficiency: If LIM"Aj 6Srstpia ((,X)(A) # ¢ for some r =0, then there exists ({,X)(1) €

LIMT Ay 6Srstpa (¢, X)(A). By definition, for every € > 0 there is an integer (m,, n, k.) so that

d (A”,”G_Srst_p_q @, X0, X) (,1)) <7+ e wheneverm = m,n = ng k > k..

Define
t = t(€):= Max{d((¢,X)(1),0),d(S111,p,4((, X)), 0), -, d(Sr.s.t.p,4 (¢ X)(A),0),7 + €}.

Then we have
AlllgSrsepq € 1 € (X)) (R3):d(u,0) <t + 1+ €} forevery (m,n, k) € N3,

which proves the boundedness of the Borel summability of rough triple sequence space of Bernstein-beta

Stancu operators of gradual real numbers of (A”_” 6Srstp ¢, X) (A)).
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Theorem 2.8. Let f be a continuous function defined on A1 € (0,1]. A Borel summability of rough triple
sequence of Bernstein-beta Stancu operators of (A”_” G Sumnwina ¢, X) (/1)) of real numbers is a sub sequence of
a Borel summability of rough triple sequence space of Bernstein-beta Stancu operators of

(A”-”G:Srst,p,q ({' X) (/1)>' then LIMTA”-"G:Srst,p,q (Z' X) (/1) c LIMTA”-”G:Sumvnwk,p,q ({' X) (/1)

Proof. Omitted.

Theorem 2.9. Let f be a continuous function defined on A € (0,1]. A Borel summability of rough triple
sequence of Bernstein-beta Stancu operators of (A”.” 6Srstpa ¢, X) (A)) of gradual real numbers, for all r > 0,
the r-limit set LIM" A ji; 5,5 .0 (¢,X)(A) of an arbitrary Borel summability of rough triple sequence space of
Bernstein-beta Stancu operators of gradual real numbers of Ay 15 5,514 (¢,X)(A) is closed.

Proof. Let (Ymnk) c LIMTA”-”G'Srst,p,q (Z, Y)(/l) and A”-”G'Srst,p,q (Z, Y)(/l) - (Z, Y)(/l) as m,n,k — oo, Let

€ > 0. Since the Borel summability of rough triple sequence space of Bernstein-beta Stancu operators of

gradual real numbers of (A”.” 6Srstpq @Y (A)) -7 ({,Y)(A) there is an integer i.j.f, so that

d (A”.”G,Srst,p’q @, Y)D), (V) (,1)) < Swheneverm = i, n > jo k > £..

Since S;_j_¢.pq(¢, Y)(A) € LIM" A} i6.Srstpq (¢, X)(A), there is an integer m.n .k, so that

d (A”-”G'Srst,p,q ({, X)(A)’A”-”G.Si ({, Y)(A)) <r-+ g whenever m > m.,n = n., k = k..

ejefen.q

Therefore, we have

@ (A116515090 G OD, GIOD) <  (A15.5750 GO D, A

foreverym > m,,n > n. k > k..

Hence L € LIMTA”-”G.Srst,p,q (¢, X)(1) implies that the set LIM’”A”.”G,Srst’p’q (¢,X)(A) is closed.

((,Y)(A))<r+%+%:r+e

eiefen.q
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