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I. Introduction
Let H be a complex Hilbert space with an inner product (.,.) and corresponding norm ||.||. Let L(H)
define the C* -algebra of all bounded linear operators on H. The numerical range and numerical radius of

T € L(H) are denoted by

W(T) = {(Tx,x):x € H and ||x|| = 1} and w(T) = sup{|(Tx, x)|:x € H and ||x|| = 1},

1
respectively. The absolute value of positive operator is denoted by |T| = (T*T)z.

Recall that a reproducing kernel Hilbert space (briefly, RKHS) H = H (Q) is a complex Hilbert space
on a (nonempty) (1, which has the property that point evalutians are continuous for each ¢ € () there is an
unique element k; € H such that f(&) =(f,k¢), for all f € H. The family {kg:f € 0} is called the

reproducing kernel of F. If {e,},so is an orthonormal basis for reproducing kernel Hilbert space, the
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reproducing kernel is shown by k; = Y7, e, (§) e,(2); (see, (Aronzajn, 1950) and (Berezin, 1972)). For ¢ €

Q, 125 = ”:—5” is called the normalized reproducing kernel.
¢

For T € L(H), the function T defined on Q by T(§) = (lef, 125) is the Berezin symbol (or Berezin
transform) of T. Berezin symbol firstly has been introduced by Berezin (Berezin, 1972). The Berezin set and

Berezin number of the operator T are defined by
Ber(T) = {T(&):¢ € Q} and ber(T) = {sup|’7"(§)|:f € Q},

respectively (see, (Karaev,2006; Karaev, 2013). In some recent works, several Berezin radius inequalities have
been examined by authors (Basaran and Giirdal, 2021), (Basaran and Giirdal, 2023a), (Basaran and Gtirdal,
2023b), (Chalender et al., 2012), (Garayev et al., 2020), (Garayev and Alomari, 2021), (Garayev et al., 2021),
(Giirdal and Basgaran, 2022).

We also define the following so-called Berezin norm of operators T € L(H):

”T”Ber = SuprQ”Tk\E”'

It is easy to see that actually ||T|| g, determines a new operator norm in [,(7-[ (Q)): (since the set of reproducing

kernels {125: ¢ € Q} span the space J£(€2)). It is also trivial that ber(T) < ||T||ger < |IT]|.
In a RKHS, the Berezin range of an operator T is a subset of numerical range of T, i.e.,
Ber(T) € W(T).
Hence,
ber(T) < w(T).

There are interesting properties of numerical range. For example, it is well known that the spectrum of an
operator is contained in the closure of its numerical range. For basic properties numerical radius, we refer to
(Alomari, 2021), (Aici et al., 2023), (Bhunia and Paul, 2021), (Bhunia and Paul, 2023), (Dragomir, 2009),
(Gustanson and Rao, 1997), (Jana et al., 2023), (Kian, 2014), (Kian and Alomari, 2022), (Qawasmeh et al.,
2023).

It is well known that
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El<wm < (L1)
and

ber(T) < w(T) < ||IT|l, (1.2)

for any T € L(#). Also, Berezin range and Berezin radius of operators are numerical characteristics of
operators on the RKHS, which are shown Karaev in (Karaev, 2006). For the basic properties and facts on these

new concepts see (Karaev, 2013).
In 2021, Huban et al. (Huban et al., 2021a) obtained the following inequalities
NTT + T llper < ber(T) S SIT°T + TT"per (1.3)
and
ber™(T*R) < S IT1?" + [RI?"[lyer (1.4)

for r > 1 and for any T, R € L(H). One year later, the same authors (Huban et al., 2021b; Huban et al., 2022a)

found the inequalities

1 * 1
ber(T) < S IT1+ 17" Moer <5 (ITlper + 721152 (1.5)

ber

and

flher(r) <4 (22020 o (222

(1.6)

ber

forany T € L(H) and all increasing convex function f: [0, ) —[0, ).

Basaran et al. (Basaran et al., 2022) demonstrated some new Berezin number inequalities. One these

inequalities, the well-known Hermite-Hadamard inequality was utilized to perform the following result.
1 . .
f(berm) < | fy F(@ =TI+ D| <UD+ FTlber (1.7)

forany T € L(H) and all increasing operator convex function f: [0, c0) —[0, o).

On the other hand, Giirdal and Basaran (Giirdal and Basaran, 2023c¢) proved that
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1 % 1 *
ber?(T) < =TI+ IT* 3y + 3 ber (MIIT] + 1T lper (18)

1
< TP+ 1T Pllper + 3 er(DINTT+ T llper

o=

1 *
< 2IT] + 1T Iy
forany T € L(H). In the same work, a improvement of (1.4) was shown, as follows:

‘ 1 1
ber® (T*R) < ZullITI*" + |RI* lger + 5 (1 — wber™ (MNITI? + [RI* llper (1.9)

1
< SulllTI* + IR |lper + S - Wber™ (DT + |RI* lIper

N| =

1
< 2IIT17 + 1R e
forany T € L(H),r = 1and u € [0,1]. If r = 1, then we can see that

* 1 1
ber?(T*R) < 2ullIT12 + IR12I3er + 3 (1 = @berMINITI? + IR llper (1.10)

1
< SulllT* + IR *llper + S - wber (DIINTI? + IR llper

N =

1
< ST + R llper-

The purpose of this study is to demonstrate bounds for several Berezin number inequalities. Some
inequalities have been demonstrated using the Hermite-Hadamard inequality. These inequalities are a revised
version of Huban et al. (Huban et al., 2021b; Huban et al., 2022a) and Basaran et al. (Basaran et al., 2022).

Finally, we use the Cartesian decomposition approach to show the following three theorems.
We now present the lemma that is needed for the continuation.
Lemma 1.1 (Furuta et al., 1995, Theorem 1.4): If T € L (3{), then
(Tx,x)" <(T"x,x),r =1, (1.11)
for any vector x € H. If 0 < r < 1, then the inequality (1.11) is reversed.

Lemma 1.2 (Kittaneh, 1988): Let T € L(H). Then
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(Tx, y)? < (|T|#x, x(T?* My, y),0<r < 1, (1.12)
for any vectors X,y € H.

Lemma 1.3 (Furuta et al., 1995, Theorem 1.2): Let T be a selfadjoint operator whose spectrum T € [m, M]

for scalar m < M. If f(t) is a convex function on [m, M|, then
f(Tx,x)) < (f(T)x, x) (1.13)
for any unit vector x € H.

II. Main Results

Now, let's prove the first theorem.

Theorem 2.1: Let H = H (Q) be an RKHS. If f: [0, 0) —[0, ) is an increasing convex function, then

2.1)

f(ber(T)) <= ”f (2|T|+|T I) +F (|T|+2|T |)

ber
for any operator T € L(H).

Proof: Let f is an increasing operator convex function and let l@; be a normalized reproducing kernel. Then we

get

F([(TRe, Re)|) < f<\/(|T|E§; ReNIT* IR, 125>>
<f (((|T|+|T l) ke, kf)) (by A.M-G.M inequality)
= F GUCT) ke ko) + (P57 ke R

21 () Re k) + £ (S5 R R )

(by the Jensen inequality)

IA

%[(f (2|T|+IT I) k,g,kg) +(f (IT|+2|T I) ke, k€>] (by (1.13))

A C5) (5 ke ko
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Taking the supremum over ¢ € () in the above inequality, so we reach the required result.

Corollary 2.2: If f:[0,00) —[0, ) is an increasing convex function, then

2T + I\ N IT|+ 2|T*\"
3 3

for any operator T € L(H). In a particular case,

er(T) <

ber

1
ber®(T) < 5 IQITI+IT*D? + AT1 + 21T DMl per-

A non-trivial improvement (2.1) can be considered in the following result.

Theorem 2.3: I/ f: [0, ) —[0, ) is an increasing convex function, then

Flber(M) < f ||f01f((1 _9 (zm;rlm) N t(ITI+:IT*|)> dt

”f (2|T|+|T I) +f (IT|+§IT*|)

< ||f(IT|)+f(IT*|)

(2.2)

ber

ber

9
ber

for any operator T € L(H).

Proof: Let £ € () be an arbitrary and let f be an increasing operator convex function. Then, we get

F([(TRe, Re)|) < f<\/(|T|E§; ReNIT* IR, 125>>

<f (((|T|+|T |) ke, kg)) (by A.M-G.M inequality)

- G ke ko + (1) ko)

< f((l t)<(2|T|+|T |) kg,k5)+t((|T|+2|T |) kf'k{:))

(by Hermite-Hadamard inequality)
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< folf (<(1 —t) (M) ke, kg) +(t (|T|+2|T I) ke, k.{)) dt.

On the other hand,

folf (<(1 t) (2|T|+|T I) kf, kf) + (t (|T|+2|T I) kg, k{))

<127 (=0 () + () ko

<[ (f ((1 — o) () 4t (@)) ke, ke dt (by (1.13))

N f01<<(1 Of (2|T|+|T |) +tf (ITI+2|T |)) ke, ke)dt
(by Jensen inequality)
<((J, ((1 Of (2'T|+'T ') +tf (@)) dt) ke, ke)

< (k)

< <[f(IT|)-;f(IT I)] /25, Ef)

By combining (2.3) and (2.4), we have

f(|(Tk§,k§)|) < <( ((1_t)f (2|T|+|T |)+tf (IT|+2|T |)> dt) 125,125)

< () (2 R

TD+FAT D] = =
< <[f(l D 2f(I I)] kse,k

Taking the supremum over ¢ € () in the above inequality, we reach

<(1 ~ )<2|T| ;r |T*|> H(m +32|T*|>) ”

”f (2|T|+|T I) +f(IT|+2|T I)

f(ber(D) < f

ber

ber
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< ||f(IT|)+f(IT*I)

ber'

Corollary 2.4: Let T € L(H). Then,

fl <(1 —t) <—2|T| i lT*l) +t <—|T| * ZlT*|>> dt
0 3 3

<1 ||(2|T|+|T I) + (|T|+2|T*I)r
2 3

T|"+|T*|"
< ”I ["+|T*|

ber™(T) <

ber

(2.5)

ber

ber

forall 1 <r < 2. In particular case,

1 . 1\ \ 2
A [ (T BT

1 * *
< SHQITHHIT*D? + AT1 + 21T D llper

ber

T|%+|T*|?
< ”I U

ber.

Proof: The result follows by applying the increasing operator convex function f(t) =t", 1<r <2, to

inequality (2.3). For particular case, putting r = 2 in (2.3).

Theorem 2.5: If f: [0, ) —[0, ) is an increasing convex function, then

<(1_ )<2|V|2;|R|2>+t<|V|2+32|R|2>)dt

”f (2|V|2+|R|2) L f (|V|2+2|R|2)
3

(ber(V R)) <f

ber

ber

< ||f(IV|2)+f(|RI2)

9
ber

for any operator V,R € L(F{).
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Proof: Let £ € (1 be an arbitrary. Then, we get
f(KV*Rke, ke)|) < f([(Rke, VEe)|)

< F(IvellIRk )

< F((IVI2ke, ke)*(|R ke, ke)'/?)

IA

(IVI2kg ke)+(IR|? ke ke)
f( ok oke

> ) (by A.M-G.M inequality)

IA

f (<(|V|2+|RI2)’?5-’?5>>

2

= £ (L0 B, R + ((UHE) e, R

< f<(1 ) (L) R Ry o (LR £ @) at

(by Hermite-Hadamard inequality)

< Jy (1@ =0 () ke ) + (¢ (M) kg ) e

3

On the other hand,

(-0 )k (2 )

< o (- o (MDY 4 ¢ (MH2ED) £ k) ) e

< [f <(1 — o) (AR (@)) ke, ) dt (by (1.13))

< f01<<(1 f (L) 4 o (M2 )) ke Re) de

(by Jensen inequality)
<<f ((1 Of () 4 ¢f (—'V'Z”'R'Z)) dt) ke ko)

54
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1 2|V[2+|RI? [VI>+2|R|?
<3l (575 +r () fe )

< ([M] ke, k). @2.7)

2

By combining (2.6) and (2.7), we have

(v ka,kf>|)<<< <(1 t)f(zw|2+m|2)+tf(w))dt>,;&,;€>

<2l ) o (252 0
< ([ D) 7 7,

Taking the supremum over ¢ € () in the above inequality, we reach

1 2 2 2 2
f<(1—t) <—2|V| :lRl )+t<—IV| +32|R| ))dt

||f (2|V|2+|R|2) L f (|V|2+2|R|2)

f(ber(V'R)) < f

ber

ber

< ||f(IV|2)+f(|RI2)

ber'

We conclude by proposing many important enhancements to Berezin number inequalities. Huban et al.
(Huban et al., 2022b) and Basaran et al. (Basaran et al., 2022) introduced new forms of Berezin number
inequalities in RKHS, among others. Huban et al. (Huban et al., 2022b) demonstrated their findings using the
traditional Hermite-Hadamard inequality and its version. We enhance and extend these inequalities in light of

Alomari's improvement and extension of the Hermite-Hadamard inequality (Alomari, 2017).

Theorem 2.6: Let H = H(Q) be an RKHS. Let ¢: L(H) — L(H) be a positive unital linear map and T€E

L(F). If f:[0,00) =[0, o) is an increasing convex function, then

f(ber* () < £ (FNGUTI + 1T 1) llper

_1 3ITI? + T2 ITI? + 3IT°
=3/ (o () o ()
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< supeea f, f (||¢§((1 —O|T|? + t|T*|2)125||2> dt
(o e

< lle(raTI® + AT 12)||

|ber) + %(p(“f(lle) + f(lT*IZ)”ber)

ber

for any & € Q.

Proof: In (Alomari et al., 2022), Alomari shown the following improvement of the classical Hermite-Hadamard
inequality:

0 (52 44 (£2)] < 2 o

(2.8)

(b—a) a+b h(a)+h(b)

S G R

for every convex function h: [0, ) =R. Moreover, since h is convex, then we can rewrite (2.6), as follows
h<a+b)_h(1 3a+b+a+3b )
2 ) 2l 4 4
1 3a+b a+3b

<3 (57) + 1 (5] 29)

< [ h((1 = Oa + bt)dt

<3 [r (59 + =57

< h(a)+h(b).
2
Let V + iR be the Cartesian decomposition of 7€ L(H). Then, we get
IT|Z + |T*|2 = T*T + TT* = 2(V2 + R?)

and

~ =~ 2 ~ =~ ~ =«
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Replacing a and b with (¢(|T|2)IQ5, 125) and (¢(|T*|2)IQ§, 125) in (2.9), for & € Q, we get

/ <(¢(|T|2)E5,E5> +(PUT*1Pks, ke) )
2

<1 [f (3(¢(|T|2)’A€g.kf)+(¢(|T*|2)k;.k5)) L f <(¢(|T|2)k§,k5)+3(¢(|7'*|2)§§,k5) )]
4 4

N |

< [y h (1= @UTIVks, ke) + (T 1Dk, g) t) dt

<1 [f ((¢(|T|2)’A€g.’}g)+(¢(|T*|2)’A€g.k§)) n (F@UTID)ke k) +F (D (IT*12)ke kg) )
-2 2 2

< FUSUTIDRe k) +f ((p(IT*12)ke kg) )
< > :

However, since f is convex and ¢ is a positive unital linear map, the last two inequalities can be improved,

respectively, as follows:

l[f <<¢(ITI2)125, ke) +(UT1Dke, ke) ) N (FUT Ik, ke)) + fF({SUT*1Dke, ke) )l
2 2 2

1
S_
2 2

N

f <(¢(IT|2)E5, ke) + (pUT"1)kg, ke) ) N (P UTIDke ke)) + o ((FUT* D)k, ke) )l

and

fUPUTIDke ke)) + fUDUT 1Pk, ke) ) - (P(FUTID) ke ke) +(p(FUT* 1)) ke, ke)
2 = 2

(@(FUTI2)+ F(IT12)) ke ke)
- .

Combining the above inequalities together, we get

Sup req folf (||¢>§((1 —O|T|? + t|T*|2)125||2> dt

< (lle (=)

|ber) + %(p(“f(lle) + f(lT*IZ)”ber)
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< lle (AT + raT )|

ber’
Again, since f is increasing, we obtain
£ (KOUTDE, k)|) = F(0WEg, Re)?) + F((d (RO, Ke)?)
< F(@*WDke, ke)) + f((9° Rk, k)

= f(p(v? + R?)ke, Ef))

= (AR ee)

2

A (@UTReke)HA(T 1Dke )
= f : |

Taking the supremum over ¢ € ) in all previous inequalities, we reach the required result.

Theorem 2.7: Let H = H(Q) be a RKHS and let V + iR be the Cartesian decomposition of T€ L(H). If

f:10,00) —[0, ) is non-negative increasing operator convex function, then

fAVIIzer) + fUIRIIEr)

f(ber®(T)) = 5

> f(”VZ”ber)+f(”R2”ber)
- 2

> [UIEF(V?) + (1 = OF ROl perdt (2.10)
> [VIFEV? + @ = )R perdt

> ||fy Fv? + (1 - R

ber

T*T+TT*)

= 7 (=

ber'

Proof: Let, 125 be a normalized reproducing kernel in H = H (). Since T =V + iR, then we get
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~ ~ 2 ~ -~ ~ -~
|<Tk€,k§>| = <Vk€,k€>2 + <Rk§, kf)z
The monotonicity of f and the above inequality show that
~ ~ 2 ~ ~ \2
tf (ke ke)|”) = tf ((Vie, ke)?)

and

(1 - Of (|(Tke, k)[*) = (1 — O ((Rkg, k)?)
forall t € [0,1]. Hence,
£ (I(Tke k) = tf (ke k)| *) + (1 = of ([(REe, ko))
> tf((Vie ke)?) + (1 — OF ((Rke, ke)?).
Taking the supremum over & € (, since f is increasing, we reach
f(ber*(D) 2 tf UIVIer) + (1 = OF (UIRIGer)

2 tf V2 per) + (1 = OfUIR? llper) by IT?llper < ITI3er, for all T € L(H))
= tllf VA)lper + (1 = OUf R Nper By fUITlper) = I UTDllper)
> |ltf V) + (1 = Of R llper
> |If(tV% + (1 — )Rl er (by convexity of f).

Integrating with respect to t over [0,1], we get

fAVIIZer) + fUIRIEr)

f(ber?(T)) = 3

> f(”VZ”ber)+f(”R2”ber)
- 2

_ e+ (R ey
2
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> [JIEF (VD) + (1= OF (RD)llper e
> f01||f(tV2 +(1- t)RZ)”berdt

> [ F@v? + (1 - R dt

ber

v

£ (EZEE)|, by operator convex of £)

f(=5)

\Y

ber
This completes the proof.
The following theorem improve inequality (2.10) and gives better estimate of Berezin radius.

Theorem 2.8: Let H = H (Q) be an RKHS and let V + iR be the Cartesian decomposition of T€ L(H). If

f:10,00) —[0, ) is non-negative increasing operator convex function, then

f(ber*(1)) = FAWVllger) + ———FfIRll5er) = f p————

m n mlVl|3er + nlIRIGer
m+n m

for all real number m,n > 0.
Proof: Let £ € (1 be an arbitrary, let m,n > 0 and T=V + iR. Then,
~ ~ 2 ~ ~ ~ ~

The monotonicity of f and the above inequality show that

m

f(|<TIES']}€>|2) > f((VEg, ke)?)

m+n m+n
and

n

f (KTke ko)) = f((Rke, ke)?)

m+n m+n

for all positive real number m,n > 0. Hence,
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f(|<Tk€']}€>|2) 2

R)?) + —— (R, k)?).

Taking the supremum over € (1, since f is increasing, we reach
f(ber®*(1)) =2 == f(IVIl3er) + ——f (IR I3c)
2 == f(IV2llber) + == (IR?llper) (by ITllper < ITller, for all T € L(H))

2 lf (VO)lper + ——Ilf B)llper by FUITllber) = IIf ATDIlber)

m+n m+n

2 s o + Znr@n],,,

2 2
2 f (m”V”ber-l'n”R”ber).

m+n

which obtains the desired result.

Huban et al. (Huban et al., 2022b) used the following identity

(57 = (57 + (45) =25~ @

for every self-adjoint operator M, N € L(H) to prove the following improvement of the left hand side (1.3), as

follows:

—||T T+ TT | per < —||(T T + TT*)? + (T2 + (T*)?)? ||ber < ber?(T). 2.12)

By remembering the original result in (Huban et al., 2022b), an interesting refinement to (2.12) holds. Namely,

we get
—IIT T+ TT ||lper < II(T T+TT*)?+ (T? + (T*)?)? Ilber

1 % *
< 15 UT + T llger + 1T = T*|l5er) "2 (2.13)

< ber?(T).

The next theorem extends and improves inequality (2.13) as follows:
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Theorem 2.9: Let V + iR be the Cartesian decomposition of T € L(H). Then

% || (2 ; Z) (T? + (T*)?) + (TT* + T*T)

ber

< %”[(g J_r Z) (T? + (T)?) + (TT* + T*T)]2

1/2
m-—-n /

+|@2+ @) + (—) @ + T*T)]2

m-+n ber

1/2

2 * |4 2|7 —T* 14
S 1 (m ”T+T ”ber+n ”T T ”ber) (2.14)

2v2 (m+n)?
< ber?(T).
for all positive real numbers m,n > 0.

Proof: Since V + iR is the Cartesian decomposition of T, then for all real numbers m,n > 0, we get

mV? +nR* (m - n) (T)? + (T*)? N T*T+TT*

m+n m+n 4 4
and
mV:—nR? (T)?*+({T"H?> m-—-n\TT+TT*
- +(——) .
m+n 4 m+n 4
Replacing M and N by %VZ and %RZ (Vm,n > 0), respectively, in (2.11), we get
mv? 4+ nR%\’ - mV? 4+ nR%\’ N |mV2 — nR?|\’
m+n - m+n m+n
_ 2m?V* + 2n®R*
B (m+n)?
Consequently,

2

% ||(z J_r Z) (T>+ T+ TT+TT|| =

2 ||mV2 + nR?

ber m+n

ber
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_ (mV2+nR2)

- m+n
< || (mV2+nR2)

m+n

_ ” 2m2v*+2n?R*
(m+n)2

2

ber

n (|mV2—nR2 |)2
m+n

2

ber

ber

4 4
2m2 ”V”ber+2n2 ”R”ber
(m+n)?2

< ber*(T),
which obtains the desired result in (2.14).
Remark: In particular, taking m = n in (2.14), we may refer to in (2.13).

For more recent study on Berezin radius inequalities for operators and related conclusions, we reference
(Giirdal and Basaran, 2023a), (Giirdal and Basaran, 2023b), (Giirdal et al., 2023), (Huban et al., 2022b),
(Garayev et al., 2023), (Bhunia et al., 2023), (Saltan et al., 2022), (Yamanci et al., 2020)).
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