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Abstract: In a more recent paper, the absolute series space |𝑇𝜑|𝑞
 which is defined as the 

domain of the matrix corresponding to the absolute Tribonacci summability in the well-

known space 𝑙𝑞 has taken place in the literature (Gökçe, 2025).   The present study is 

mainly aimed  to establish  the absolute series space |𝑇𝜑|(𝛿) which  includes  |𝑇𝜑|𝑞
, as the 

set of all series summable by the absolute Tribonacci method in 𝑙(𝛿), and to investigate its 

some  topological and algebraic properties. Moreover, certain characterizations of  matrix 

operators on this space is obtained. 
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1. Introduction 

The theory of summability, which has been used in many fields of science from the past to the present, has 

expanded with the sequence spaces generated by summability methods and matrix transformations on these 

spaces on the one hand, and on the other hand, it has continued to progress with the study of new series spaces 

defined by absolute summability methods and some matrix transformations related to them  (see  (Dağlı and 

Yaying, 2023), (Gökçe, 2021; 2022), (Gökçe and Sarıgöl, 2018; 2018a; 2019; 2019a; 2020; 2020a; 2020b),  

(Sarıgöl, 2010),  (Yaying and Kara, 2021), (Yaying and Hazarika, 2020). In this  paper,  the absolute series 

space |𝑇𝜑|(𝛿) is established as the set of all series summable by the absolute Tribonacci method, and its some  

algebraic and topological structure such as FK-space, duals and Schauder base are given. Furthermore, certain 

characterizations of matrix operators on the space are obtained. Firstly, let us remind some basic concepts. 

https://dngcrj.dngc.ac.in/
https://orcid.org/0000-0003-1819-3317
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By 𝜔, 𝑙∞, 𝑐  and 𝑙𝑞   (𝑞 ≥ 1), we stand  for the set of all sequences of complex numbers, the sequence 

spaces of all bounded, convergent sequences and also the space of all  𝑞-absolutely convergent series.  Besides, 

throughout the paper, ℕ = {0,1,2,3,… }.  Let Λ = (𝜆𝑗𝑖) be an arbitrary infinite matrix of complex components 

and  𝑈,𝑉 be two subspaces of 𝜔. If the series  

Λ𝑗  (𝑢) =∑𝜆𝑗𝑖𝑢𝑖

∞

𝑖=0

 

converges for all 𝑗𝜖ℕ, then,  it is  said that  the Λ -transform of the sequence 𝑢 = (𝑢𝑖) is identified by Λ(𝑢) =

(Λ𝑗  (𝑢)).  Also, it is said that Λ describes a matrix transformation from the space 𝑈 into the space 𝑉,   and the 

class of all infinite matrices Λ ∶  𝑈 → 𝑉 is represented by (𝑈, 𝑉).  

If 𝑟𝑗𝑖 = 0   for  𝑖 > 𝑗  and  otherwise 𝑟𝑗𝑖 ≠ 0 for all 𝑗, 𝑖, then  it is said that 𝑅 is a triangle. 

The notion of the multiplier space of 𝑈 and 𝑉 is identified by  

𝑆(𝑈, 𝑉) = { 𝑧 = (𝑧𝑗) ∈ 𝜔 ∶ ∀ 𝑢 ∈ 𝑈, 𝑢𝑧 = (𝑢𝑗𝑧𝑗) ∈  𝑉  }, 

and according to the notation of multiplier space, the 𝛼, 𝛽 and 𝛾 duals of  𝑈 are defined as  

𝑈𝛼 = 𝑆(𝑈, 𝑙) = {𝑧 = (𝑧𝑗) ∈ 𝜔: ∀ 𝑢 = (𝑢𝑗) ∈ 𝑈,∑|𝑢𝑗𝑧𝑗|

∞

𝑗=0

< ∞}, 

 𝑈𝛽 = 𝑆(𝑈, 𝑐𝑠) = {𝑧 = (𝑧𝑗) ∈  𝜔: ∀ 𝑢 = (𝑢𝑗) ∈ 𝑈, (∑𝑢𝑗𝑧𝑗

𝑛

𝑗=0

) ∈ 𝑐}, 

𝑈𝛾 = 𝑆(𝑈, 𝑏𝑠 ) = {𝑧 = (𝑧𝑗) ∈  𝜔: ∀ 𝑢 = (𝑢𝑗) ∈ 𝑈, (∑𝑢𝑗𝑧𝑗

𝑛

𝑗=0

) ∈ 𝑙∞  }. 

Here,  𝑐𝑠 and 𝑏𝑠 represent the set of all convergent and bounded series, respectively.  

The set  

𝑈𝚲 = {𝑢 = (𝑢𝑗) ∈  𝜔 ∶ Λ(𝑢) ∈  U} 

defines  domain of an infinite matrix Λ in 𝑈. This is another important concept. It is clear that the set also 

determines a sequence space. 

A linear topological space (also called a topological vector space) is both of a topological space and a 

vector space such that the properties of scalar multiplication and vector addition are continuous. Assume that 𝑈 

is  a topological vector space over  ℝ.  For all 𝑎 ∈ ℝ and 𝑢̃, 𝑢 ∈  𝑈 , if  

 𝑓: 𝑈 → ℝ such that 𝑓(0) = 0, 𝑓(𝑢) = 𝑓(−𝑢)  

 𝑓(𝑢 + 𝑢̃) ≤ 𝑓(𝑢) + 𝑓(𝑢̃) 
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 |𝑎𝑛 − 𝑎| → 0 , 𝑓(𝑢𝑛 − 𝑢) →  0 imply 𝑓(𝑎𝑛𝑢𝑛 − 𝑎𝑢) → 0 as 𝑛 → ∞,  that is the scalar multiplication is 

continuous 

then, it is said that 𝑈 is a paranormed space. 

 Let 𝑈 ⊂ 𝜔. If it is a Frechet space with continuous coordinates 𝑅𝑗: 𝑈 →  ℂ,   where 𝑅𝑗(𝑢) = 𝑢𝑗 for all 𝑢 ∈

 𝑈, 𝑗 ∈ ℕ, then  it is said that 𝑈 is an 𝐹𝐾-space. Also, an 𝐹𝐾-space whose metric also determines  a norm is said 

to be a 𝐵𝐾-space. In several areas of summability theory, these concepts play an important role, for instance, all 

matrix transformations from an  𝐹𝐾-space to another 𝐹𝐾-space   are continuous (Wilansky, 1984). If there 

exists unique sequence of coefficient (𝑢𝑖) such that  

lim
𝑗→∞

∑𝑢𝑖𝑏𝑖

𝑗

𝑖=0

= 𝑢, 

for all  𝑢 ∈ 𝑈,  then (𝑏𝑖) is called  a Schauder base  of an 𝐹𝐾-space 𝑈.  For an example to these concepts, it can 

be said that  the sequence  (𝑒(𝑖)) whose  terms given by  

𝑒𝑗
(𝑖)
= {

1,         𝑗 = 𝑖 
0, 𝑗 ≠ 𝑖

 

for 𝑖 ≥  0, is the Schauder base of the Maddox space 𝑙(𝛿).  The Maddox space 𝑙(𝛿) can be expressed clearly as 

follows: 

𝑙(𝛿) = {𝑢 = (𝑢𝑗):∑|𝑢𝑗|
𝛿𝑗
< ∞

∞

𝑗=0

}. 

With the natural paranorm of the space 

𝑓(𝑢) = (∑|𝑢𝑗|
𝛿𝑗

∞

𝑗=0

)

1

P

, 

the  Maddox space 𝑙(𝛿) is an 𝐹𝐾-space where 𝑃 = 𝑚𝑎𝑥 { 1, 𝑠𝑢𝑝
𝑗
𝛿𝑗}.  In addition to this, in the case of 𝛿𝑗 ≥ 1 

for each 𝑗, the space becomes a BK- space with the following norm (see (Maddox, 1967;1968;1969)) 

‖𝑢‖ = 𝑖𝑛𝑓 {𝜚 > 0:∑|𝑢𝑗/𝜚|
𝛿𝑗

∞

𝑗=0

≤ 1} . 

       

 

Unless otherwise stated, throughout the whole study, we assume that Λ = (𝜆𝑗𝑖) is an infinite matrix of complex 

components for all  𝑗, 𝑖 ∈ ℕ, (𝜓𝑗) and  (𝜑𝑗) are any sequences of positive numbers, 𝜂 = (𝜂𝑗) and, 𝛿 = (𝛿𝑗)  are 
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bounded sequences of positive real numbers with   0 < 𝑖𝑛𝑓𝜂𝑗 ≤ ℎ < ∞,0 < 𝑖𝑛𝑓𝛿𝑗 ≤ 𝑚 < ∞  and 1 𝛿𝑗
⁄ +

1
𝛿𝑗
∗⁄ = 1 for  𝛿𝑗 > 0,  1 𝛿𝑗

∗⁄ = 0 for  𝛿𝑗 = 1. 

On the other hand, Tribonacci numbers, which constitute the other branch of the study are very interesting. 

Tribonacci numbers determine a sequence of integers defined by the third order recurrence relation with initial 

conditions 

                                                               𝑡0 = 1, 𝑡1 = 1, 𝑡2 = 2, 

𝑡𝑖 = 𝑡𝑖−1 + 𝑡𝑖−2 + 𝑡𝑖−3, 

𝑡−𝑖 = 0, 𝑖 > 0. 

So, some of the first Tribonacci numbers as follows: 

1, 1, 2, 4, 7, 13, 24, 44⋯.  

Furthermore, Tribonacci numbers have the following useful properties:  

∑𝑡𝑖

𝑗

𝑖=0

=
𝑡𝑗+2 + 𝑡𝑗 − 1

2
, 

∑𝑡2𝑖

𝑗

𝑖=0

=
𝑡2𝑗+1 + 𝑡2𝑗 − 1

2
, 

lim
𝑗→∞

𝑡𝑗
𝑡𝑗+1

=0.54368901… 

In addition to these properties, Tribonacci matrix 𝑇 = (𝑡𝑗𝑖) has recently been defined by Yaying and Hazarika 

(2020) as follows: 

𝑡𝑗𝑖 = {

2𝑡𝑖
𝑡𝑗+2 + 𝑡𝑗 − 1

, 0 ≤ 𝑖 ≤ 𝑗

0,                    𝑖 > 𝑗

 

where 𝑡𝑖 is the 𝑖th Tribonacci number for all  𝑖𝜖ℕ. 

Let take the series ∑𝑢𝑖  with the sequence of its 𝑗th partial sum  𝑠 = (𝑠𝑗), and let  𝜑 = (𝜑𝑗) be arbitrary 

sequence of positive real numbers, 𝛿 = (𝛿𝑗) be a bounded sequence of positive real numbers.  If  

∑𝜑
𝑗

𝛿𝑗−1|Λ𝑗  (𝑠) − Λ𝑗−1 (𝑠)|
𝛿𝑗
<

∞

𝑗=1

∞, 

the series ∑𝑢𝑖 is said to be summable |Λ,  𝜑𝑗|(𝛿) (Gökçe & Sarıgöl, 2018a). Obviously, the summability 

method |Λ,  𝜑𝑗|(𝛿)  is a very comprehensive method such that it includes a number of  well-known absolute  

summability methods for special choices of the matrix Λ and the sequences  𝜑, 𝛿. To give a few examples, we 
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can present:  if we chose  just a triangle matrix 𝑇 instead of  Λ,  the summability method |T,  𝜑𝑗|(𝛿)  is 

immediately obtained with 𝛿𝑗 = 𝑘 for all 𝑗 (Gökçe, 2022), again if we select the Euler, Nörlund, Cesàro, the 

weighted mean matrices  instead of 𝑈, the summability method |Λ,  𝜑𝑗|(𝛿) is reduced to the summabilities 

|𝐸𝑟 , 𝜑𝑗|(𝛿), |𝑁,  𝑝𝑗 , 𝜑𝑗|(𝛿), |𝐶, 𝛼, 𝛽|(𝛿) (with  𝜑𝑗 = 𝑗 for all 𝑗) , |𝑁̅,  𝑝𝑗 , 𝜑𝑗|(𝛿) (Gökçe & Sarıgöl, 2018; 

2018a; 2019; 2019a), respectively, (see also (Gökçe, 2021; 2022), (Gökçe and Sarıgöl, 2020; 2020a; 2020b)).  

Finally, we present some lemmas that will be used in the proofs and then move on to the main parts: 

 

Lemma 1.1. (Grosse-Erdmann, 1993) Let 𝛿 = (𝛿𝑖) and 𝜂 = (𝜂𝑖) be any bounded sequences of strictly positive 

numbers. 

(i) If 𝛿𝑖 > 1 for each 𝑖, then, 𝛬 ∈ (𝑙(𝛿), 𝑙) iff there exists an integer 𝑐 > 1 such that  

𝑠𝑢𝑝{∑|∑𝜆𝑗𝑖  
𝑗𝜖𝐺

𝑐−1|

𝛿𝑖
∗

: 𝐺 ⊂ ℕ

∞

𝑖=0

 𝑓𝑖𝑛𝑖𝑡𝑒} < ∞.                                         (1) 

(ii)  If 𝜂𝑖 ≥ 1  and 𝛿𝑖 ≤ 1   for each 𝑖 ∈ ℕ then, 𝛬 ∈ (𝑙(𝛿), 𝑙(𝜂)) iff there exists some 𝑐 such that  

𝑠𝑢𝑝
𝑖
∑|𝜆𝑗𝑖  𝑐

−1
𝛿𝑖
⁄ |

𝜂𝑗
∞

𝑗=0

< ∞. 

(iii) If 𝛿𝑖 ≤ 1 for all 𝑖, then, 

𝛬 ∈  (𝑙(𝛿), 𝑐) ⇔ {

(𝑎) 𝑙𝑖𝑚𝜆𝑗𝑖
𝑗→∞

 𝑒𝑥𝑖𝑠𝑡𝑠 𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 𝑖

(𝑏) 𝑠𝑢𝑝
𝑗,𝑖
|𝜆𝑗𝑖|

𝛿𝑖
< ∞                 

   

 

𝛬 ∈  (𝑙(𝛿), 𝑐0) ⇔ {
(𝑐) 𝑙𝑖𝑚 𝜆𝑗𝑖

𝑗→∞

= 0  𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 𝑖,

(𝑏) ℎ𝑜𝑙𝑑𝑠                                  
   

 

𝛬 ∈  (𝑙(𝛿), 𝑙∞) ⇔ (𝑏) ℎ𝑜𝑙𝑑𝑠. 

 

(iv)    If 𝛿𝑖 > 1 for all 𝑖, then,  

𝛬 ∈  (𝑙(𝛿), 𝑐) ⇔ (𝑎′) 𝑙𝑖𝑚 𝜆𝑗𝑖
𝑗→∞

 𝑒𝑥𝑖𝑠𝑡𝑠 𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 𝑖,    (𝑏′) 𝑡ℎ𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡𝑠 𝑎 𝑛𝑢𝑚𝑏𝑒𝑟 𝑐 >  1 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 

𝑠𝑢𝑝
𝑗
∑|𝜆𝑗𝑖𝑐

−1|
𝛿𝑖
∗

∞

𝑖=0

< ∞, 
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𝛬 ∈  (𝑙(𝛿), 𝑐0) ⇔ (𝑐′) 𝑙𝑖𝑚𝜆𝑗𝑖
𝑗→∞

= 0  𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 𝑖, (𝑏′) ℎ𝑜𝑙𝑑𝑠 

𝛬 ∈  (𝑙(𝛿), 𝑐0) ⇔ (𝑏′) ℎ𝑜𝑙𝑑𝑠. 

It should be noted that condition (1) presents a number of difficulties in terms of its application. However, 

Lemma 1.2, which gives a condition equivalent to (1) and is more practical in most cases, will be preferred in 

the proofs of our theorems. 

 

Lemma 1.2. (Sarıgöl, 2013) Let Λ = (𝜆𝑗𝑖) be an infinite matrix with complex components, 𝛿 = (𝛿𝑖) be a 

bounded sequence of positive numbers. If 𝑊𝛿  [Λ ] < ∞  or 𝐿𝛿 [Λ ] < ∞, then 

 

(2𝑚)−2𝑊𝛿  [Λ ] ≤ 𝐿𝛿 [Λ ] ≤ 𝑊𝛿  [Λ ], 

where 𝑚 = max{1, 2𝑀−1} , 𝑀 = sup𝑖 𝛿𝑖. 

 

𝑊𝛿  [Λ ]  =∑(∑|𝜆𝑗𝑖|

𝑗=0

)

𝛿𝑖∞

𝑖=0

 

and 

𝐿𝛿 [Λ ] = sup {∑|∑𝜆𝑗𝑖
𝑗∈𝐺

|

𝛿𝑖

: 𝐺 ⊂ ℕ finite

∞

𝑖=0

}. 

 

Lemma 1.3. (Malkowsky & Rakocevic, 2000) Let 𝑅 be a triangle. Then, for 𝑈, 𝑉 ⊂  𝜔, 𝛬 ∈  (𝑈,  𝑉𝑅) iff  𝐵 =

 𝑅𝛬 ∈  (𝑈, 𝑉). 

 

Lemma 1.4.  (Malkowsky & Rakocevic, 2007) Let  𝑈 be an 𝐹𝐾-space with 𝐴𝐾 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦, 𝑅 be a triangle with 

its inverse  𝑆 and 𝑉 ⊂ 𝜔. Then, we have 𝛬 ∈  (𝑈𝑅 , 𝑉) if and only if   𝛬 ̃ ∈  (𝑈, 𝑉) and 𝑉(𝑘) ∈  (𝑈, 𝑐) for all 𝑘, 

where 

𝜆̃𝑘𝑝 =∑𝜆𝑘𝑖𝑠𝑖𝑝

∞

𝑖=𝑝

, 𝑘, 𝑝 = 0,1,… 

𝑣𝑚𝑝
(𝑘) = {

∑𝜆𝑘𝑖𝑠𝑖𝑝

𝑚

𝑖=𝑣

, 0 ≤ 𝑝 ≤ 𝑚

0,       𝑝 > 𝑚.
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2. Main Results 

In this part of the article, we will first establish the absolute Tribonacci summability method combining the 

concepts of absolute summability and Tribonacci matrix. To obtain this method, let us take the series ∑𝑢𝑖  and 

its  partial sums 𝑠𝑗. Then we get  

Λ𝑚(𝑠) = ∑𝒕𝑚𝑗𝑠𝑗

𝑚

𝑗=0

=∑𝑢𝑖

𝑚

𝑖=0

∑𝒕𝑚𝑗

𝑚

𝑗=𝑖

=∑𝑢𝑖

𝑚

𝑖=0

∑
2𝑡𝑗

𝑡𝑚+2 + 𝑡𝑚 − 1

𝑚

𝑗=𝑖

 

and so, 

    ΔΛ𝑚(𝑠) = ∑𝑢𝑖

𝑚

𝑖=0

∑
2𝑡𝑗

𝑡𝑚+2 + 𝑡𝑚 − 1

𝑚

𝑗=𝑖

− ∑ 𝑢𝑖

𝑚−1

𝑖=0

∑
2𝑡𝑗

𝑡𝑚+1 + 𝑡𝑚−1 − 1

𝑚−1

𝑗=𝑖

                               

            =
2𝑡𝑚

𝑡𝑚+2 + 𝑡𝑚 − 1
𝑢𝑚 + ∑ 𝑢𝑗

𝑚−1

𝑖=0

(
2𝑡𝑚

𝑡𝑚+2 + 𝑡𝑚 − 1
+ Δ𝜎𝑚 ∑ 2𝑡𝑗

𝑚−1

𝑗=𝑖

)         

             = ∑𝑢𝑖

𝑚

𝑖=0

Φ𝑚𝑖  

where  

Φ𝑚𝑖 =

{
 
 

 
 

2𝑡𝑚
𝑡𝑚+2 + 𝑡𝑚 − 1

,                               𝑖 = 𝑚

2𝑡𝑚
𝑡𝑚+2 + 𝑡𝑚 − 1

+ Δ𝜎𝑚 ∑ 2𝑡𝑗

𝑚−1

𝑗=𝑖

,   0 ≤ 𝑖 ≤ 𝑚 − 1

0,                                                 𝑖 > 𝑚,

 

Δ𝜎𝑚 = 𝜎𝑚 − 𝜎𝑚−1, 𝜎𝑚 =
1

𝑡𝑚+2 + 𝑡𝑚 − 1
. 

 

With all of these informations, we can express the absolute Tribonacci series space as the set of all series 

summable by this method as follows: 

|𝑇𝜑|(𝛿) = {𝑢 ∈ 𝜔 ∶ ∑𝜑
𝑗

𝛿𝑗−1
∞

𝑗=0

|∑𝑢𝑖

𝑗

𝑖=0

Φ𝑗𝑖 |

𝛿𝑗

< ∞}. 

Furthermore, we can write  

(𝐸(𝛿) ∘ 𝑇̃)𝑗(𝑢) = 𝜑
𝑗

1
𝛿𝑗
∗⁄

(𝑇̃𝑗(𝑢) − 𝑇̃𝑗−1(𝑢)) 

where 
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𝑡̃𝑗𝑖 = {
𝜎𝑗  ∑2𝑡𝑣

𝑗

𝑣=𝑖

,       0 ≤ 𝑖 ≤ 𝑗

0,                               𝑖 > 𝑗,

                                                                 (2) 

𝑒𝑗𝑖
(𝛿)
=

{
 
 

 
 −𝜑

𝑗

1
𝛿𝑗
∗⁄

,                   𝑖 = 𝑗 − 1

𝜑
𝑗

1
𝛿𝑗
∗⁄

,                             𝑖 = 𝑗

0,                          𝑖 ≠ 𝑗 − 1, 𝑗.

                                                              (3)  

 

 So, according to the notation of domain, the space redefines as   |𝑇𝜑|(𝛿) = (𝑙(𝛿))𝐸(𝛿)∘𝑇̃.  

  

Also, it is known that there exists a unique inverse matrix which also is a triangle for every triangle matrix. 

So, it can be easily seen that the terms of inverse of the matrices 𝑇̃and 𝐸(𝛿) are as follows: 

 

𝑡̃𝑗𝑖
−1 =

{
 
 
 

 
 
 

1

2𝜎𝑗𝑡𝑗
,                             𝑖 = 𝑗

−
1

2𝜎𝑗−1𝑡𝑗
−

1

2𝜎𝑗−1𝑡𝑗−1
, 𝑖 = 𝑗 − 1

1

2𝜎𝑗−2𝑡𝑗−1
,                          𝑖 = 𝑗 − 2

0,                                           𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒,

                                                 

(𝑒𝑗𝑖
(𝛿)
)
−1

= { 𝜑𝑖

−1
𝛿𝑖
∗⁄

,              0 ≤ 𝑖 ≤ 𝑗

0,                               𝑖 > 𝑗.
                                                        

From this point on, we can start to state and prove the following theorems which give some algebraic and 

topological properties of the mentioned space. 

 

Theorem 2.1.  

(a) The set |𝑇𝜑|(𝛿) is a linear space with the scalar multiplication and coordinate-wise addition. Also,  the 

space |𝑇𝜑|(𝛿)  becomes an FK-space under the paranorm 

‖𝑢‖|𝑇𝜑|(𝛿) = ‖ 𝐸
(𝛿) ∘ 𝑇̃(𝑢)‖

𝑙(𝛿)
= (∑|(𝐸(𝛿) ∘ 𝑇̃(𝑢))

𝑗
|
𝛿𝑗

∞

𝑗=0

)

1

𝑃

 

where 𝑃 = 𝑚𝑎𝑥{ 1, 𝑠𝑢𝑝
𝑗
𝛿𝑗}.  
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(b) If 𝛿𝑗 = 𝑞 for all 𝑗𝜖ℕ, the space |𝑇𝜑|(𝛿) is a BK-space with the following norm 

‖𝑢‖|𝑇𝜑|(𝛿) = ‖  𝐸(𝑞) ∘ 𝑇̃(𝑢)‖
𝑞
. 

Proof. The first part of the proof is a standard verification, so it is omitted. Since the matrices  𝐸(𝛿), 𝑇̃ are 

triangles, it is clear that the composite function 𝐸(𝛿) ∘ 𝑇̃ is also triangle. Furthermore, since 𝑙(𝛿) is an FK-space, 

then it can be written  from Wilansky's Theorem 4.3.2 (1984) that |𝑇𝜑|(𝛿) = (𝑙(𝛿))
𝐸(𝛿)∘𝑇̃

 is also an FK-space. 

This concludes the proof. 

A similar method can be used to prove the remaining part of the theorem. 

 

Theorem 2.2. The absolute  series space |𝑇𝜑|(𝛿) has a Schauder basis  𝑏(𝑗)  whose terms are given by  

𝑏𝑚
(𝑗)
=

{
 
 
 

 
 
 𝜑

𝑗

−1
𝛿𝑗
∗⁄

(
1

2𝜎𝑚𝑡𝑚
−

1

2𝜎𝑚−1𝑡𝑚
−

1

2𝜎𝑚−1𝑡𝑚−1
−

1

2𝜎𝑚−2𝑡𝑚−1
) , 𝑗 ≤ 𝑚 − 2

𝜑𝑚−1

−1
𝛿𝑚−1
∗⁄

(
1

2𝜎𝑚𝑡𝑚
−

1

2𝜎𝑚−1𝑡𝑚
−

1

2𝜎𝑚−1𝑡𝑚−1
) ,                                  𝑗 = 𝑚 − 1

𝜑𝑚

−1
𝛿𝑚
∗⁄ 1

2𝜎𝑚𝑡𝑚
,                                                                                   𝑗 = 𝑚

0,                                                                                                                𝑗 > 𝑚.

 

Proof. It is noted that the sequence (𝑒(𝑗)) is the Schauder base of the Maddox's space 𝑙(𝛿). So, it follows from 

Theorem 2.3 in (Malkowsky & Rakocevic, 2007), 𝑏(𝑗) = (𝑇̃𝑚
−1((𝐸(𝛿))−1(𝑒(𝑗))) determines the Schauder base  

of |𝑇𝜑|(𝛿). 

Theorems 2.1 and 2.2 give us the result  that  the absolute series space |𝑇𝜑|(𝛿) is a separable space because the 

space is a linear metric space with a Schauder base. 

 

Theorem 2.3. The space  |𝑇𝜑|(𝛿) is linearly isomorphic to the Maddox's space  𝑙(𝛿)  i.e., |𝑇𝜑|(𝛿) ≅ 𝑙(𝛿). 

Proof. In order to prove the theorem, it should be shown that there is a linear bijection between |𝑇𝜑|(𝛿) and 

l(𝛿). Let consider the transformations 𝑇̃: |𝑇𝜑|(𝛿) → (𝑙(𝛿))
𝐸(𝛿) 

, 𝐸(𝛿): (𝑙(𝛿))
𝐸(𝛿) 

→ 𝑙(𝛿)  and the matrices 

corresponding  to them defined by (2) and (3).   It is clear that the composite function 𝐸(𝛿) ∘ 𝑇̃ is also triangle 

and so the composite function 𝐸(𝛿) ∘ 𝑇̃ is a linear bijective operator. Moreover, 

‖𝑢‖|𝑇𝜑|(𝛿) = ‖ 𝐸(𝛿) ∘ 𝑇̃(𝑢)‖
l(𝛿)

 

that is, the paranorm is preserved. So, the proof is completed. 

At this point, we describe the following sets and notation: 
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𝐷1 = {𝜀 = (𝜀𝑗) ∈ 𝜔 ∶ ∃𝑐 > 1  , ∑
𝑐
−1

𝛿𝑖
∗⁄

𝜑𝑖

∞
𝑖=0  (∑ |𝜀𝑗 (

1

2𝑡𝑗
∆ (

1

𝜎𝑗
) −

1

2𝑡𝑗−1
∆ (

1

𝜎𝑗−1
))|∞

𝑗=𝑖+2     

         + |  𝜀𝑖+1 (
1

2𝜎𝑖+1𝑡𝑖+1
−

1

2𝜎𝑖𝑡𝑖+1
−

1

2𝜎𝑖𝑡𝑖
)| + |

𝜀𝑖

2𝜎𝑖𝑡𝑖
|)
𝛿𝑖
∗

< ∞}  

𝐷2 = {𝜀 = (𝜀𝑗) ∈ 𝜔 ∶  sup
𝑖
{𝜑𝑖

−1/𝛿𝑖
∗

(∑ |𝜀𝑗 (
1

2𝑡𝑗
∆ (

1

𝜎𝑗
) −

1

2𝑡𝑗−1
∆ (

1

𝜎𝑗−1
))|∞

𝑗=𝑖+2   

         + |  𝜀𝑖+1 (
1

2𝜎𝑖+1𝑡𝑖+1
−

1

2𝜎𝑖𝑡𝑖+1
−

1

2𝜎𝑖𝑡𝑖
)| + |

𝜀𝑖

2𝜎𝑖𝑡𝑖
|)} < ∞},  

𝐷3 = {𝜀 = (𝜀𝑗) ∈ 𝜔 ∶ ∃𝑐 > 1:  sup
𝑚
(
𝑐
−1

𝛿𝑚−1
∗⁄

𝜑𝑚−1
|𝜉𝑚−1|

𝛿𝑚−1
∗

+
𝑐
−1

𝛿𝑚
∗⁄

𝜑𝑚
|

𝜀𝑚

2𝜎𝑚𝑡𝑚
|
𝛿𝑚
∗

  

         +∑
𝑐
−1

𝛿𝑖
∗⁄

𝜑𝑖

𝑚−2
𝑖=0 |𝜉𝑚 + ∑ 𝜀𝑗 (

1

2𝑡𝑗
∆ (

1

𝜎𝑗
) −

1

2𝑡𝑗−1
∆ (

1

𝜎𝑗−1
))𝑚

𝑗=𝑖+2 |

𝛿𝑖
∗

) < ∞},  

𝐷4 = {𝜀 = (𝜀𝑗) ∈ 𝜔 ∶  sup
𝑚,𝑖

(|𝜑𝑖
−1/𝛿𝑖

∗

(𝜉𝑖 +∑ (
1

2𝑡𝑗
∆ (

1

𝜎𝑗
) −

1

2𝑡𝑗−1
∆ (

1

𝜎𝑗−1
))𝑚

𝑗=𝑖+2 )|

𝛿𝑖

  

         + |𝜑𝑚−1

−
1

𝛿𝑚−1
∗

𝜉𝑚−1|

𝛿𝑚−1

+ |𝜑𝑚
−

1

𝛿𝑚
∗ 𝜀𝑚

2𝜎𝑚𝑡𝑚
|

𝛿𝑚

) < ∞},  

𝐷5 = {𝜀 = (𝜀𝑗) ∈ 𝜔 ∶ ∑ 𝜀𝑗
∞
𝑗=𝑖+2  (

1

2𝑡𝑗
∆ (

1

𝜎𝑗
) −

1

2𝑡𝑗−1
∆ (

1

𝜎𝑗−1
))exist for all 𝑖},  

 

𝜉𝑖 =
𝜀𝑖

2𝜎𝑖𝑡𝑖
+

𝜀𝑖+1

2𝜎𝑖+1𝑡𝑖+1
−

𝜀𝑖+1

2𝜎𝑖𝑡𝑖+1
−

𝜀𝑖+1

2𝜎𝑖𝑡𝑖
.                                                                                                                                (4)  

Similarly, when  λ𝑗𝑖  is used instead of  𝜀𝑖 in (4), the notation  𝜉𝑖
(𝑗)

 will be  used instead of  𝜉𝑖 . 

 

Theorem 2.4. If 𝛿𝑖 > 1 for all 𝑖, then  

{|𝑇𝜑|(𝛿)}
𝛼
= 𝐷1, {|𝑇𝜑|(𝛿)}

𝛽
= 𝐷3 ∩ 𝐷5, {|𝑇𝜑|(𝛿)}

𝛾
= 𝐷3 

and if 𝛿𝑖 ≤ 1 for all 𝑖, then, 

{|𝑇𝜑|(𝛿)}
𝛼
= 𝐷2, {|𝑇𝜑|(𝛿)}

𝛽
= 𝐷4 ∩ 𝐷5, {|𝑇𝜑|(𝛿)}

𝛾
= 𝐷4. 

 

Proof.  Considering  the definition of the 𝛽 dual,  it can be written immediately that  𝜀 𝜖{|𝑇𝜑|(𝛿)}
𝛽

if and only if  

(𝜀𝑗𝑢𝑗)𝜖𝑐𝑠 for all 𝑢𝜖|𝑇𝜑|(𝛿). It follows from the  inverses of  𝑇̃ and 𝐸(𝛿)  that   

∑𝜀𝑗𝑢𝑗

𝑚

𝑗=0

=∑𝜀𝑗 (
𝑦𝑗
2𝜎𝑗𝑡𝑗

−
𝑦𝑗−1
2𝜎𝑗−1𝑡𝑗

−
𝑦𝑗−1

2𝜎𝑗−1𝑡𝑗−1
+

𝑦𝑗−2
2𝜎𝑗−2𝑡𝑗−1

)

𝑚

𝑗=0
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                    = ∑∑𝜑
𝑖

−1
𝛿𝑖
∗⁄ 𝜀𝑗𝑧𝑖
2𝜎𝑗𝑡𝑗

𝑚

𝑗=𝑖

𝑚

𝑖=0

− ∑ ∑ 𝜑
𝑖

−1
𝛿𝑖
∗⁄ 𝜀𝑗𝑧𝑖
2𝜎𝑗−1𝑡𝑗

𝑚

𝑗=𝑖+1

𝑚−1

𝑖=0

− ∑ ∑ 𝜑
𝑖

−1
𝛿𝑖
∗⁄ 𝜀𝑗𝑧𝑖
2𝜎𝑗−1𝑡𝑗−1

𝑚

𝑗=𝑖+1

𝑚−1

𝑖=0

 

                + ∑ ∑ 𝜑
𝑖

−1
𝛿𝑖
∗⁄ 𝜀𝑗𝑧𝑖
2𝜎𝑗−2𝑡𝑗

𝑚

𝑗=𝑖+2

𝑚−2

𝑖=0

                                                                                               

=
𝜑𝑚

−1
𝛿𝑚
∗⁄
𝜀𝑚

2𝜎𝑚𝑡𝑚
𝑧𝑚 + 𝜑𝑚−1

−1
𝛿𝑚−1
∗⁄

𝜉𝑚−1𝑧𝑚−1                                                        

+∑ 𝜑
𝑖

−1
𝛿𝑖
∗⁄
(𝜉𝑖 + ∑ (

1

2𝑡𝑗
∆(

1

2𝜎𝑗
) −

1

𝑡𝑗−1
∆(

1

𝜎𝑗−1
))

𝑚

𝑗=𝑖+2

)𝑧𝑖

𝑚−2

𝑖=0

 

=∑𝑓𝑚𝑖𝑧𝑖

𝑚

𝑖=0

            (𝑦 = 𝑇̃(𝑢), 𝑧 = 𝐸(𝛿)(𝑦))                                                

where  

𝑓𝑚𝑖 =

{
 
 
 
 

 
 
 
 
𝜑
𝑖

−1
𝛿𝑖
∗⁄
(𝜉𝑖 + ∑ (

1

2𝑡𝑗
∆ (

1

𝜎𝑗
) −

1

2𝑡𝑗−1
∆(

1

𝜎𝑗−1
))

𝑚

𝑗=𝑖+2

) , 0 ≤ 𝑖 ≤ 𝑚 − 2

𝜑𝑚−1

−1
𝛿𝑚−1
∗⁄

𝜉𝑚−1,                                                                  𝑖 = 𝑚 − 1

𝜑𝑚

−1
𝛿𝑚
∗⁄
𝜀𝑚

2𝜎𝑚𝑡𝑚
                                                                     𝑖 = 𝑚

0,                                                                                     𝑖 > 𝑚.

              

So, it is written  that 𝑧 ∈ {|𝑇𝜑|(𝛿)}
𝛽
 if and only if  𝐹 = (𝑓𝑚𝑖) ∈ (l(𝛿), 𝑐). Using Lemma 1.1, we get that  𝜀 ∈

{|𝑇𝜑|(𝛿)}
𝛽
  equals to 𝜀 ∈ 𝐷3 ∩ 𝐷5  for 𝛿𝑖 > 1 and  𝜀 ∈ 𝐷4 ∩ 𝐷5 for 𝛿𝑖 ≤ 1  for all 𝑖, which completes the   part 

of  the proof.  

Because the proof of other parts can be proved in similar way, so it is left to reader.  

 

Theorem 2.5. Assume that (𝛿𝑖)  is any bounded sequences of positive numbers  for 𝑖 ∈ ℕ.  Also, 𝐻 = (ℎ𝑛𝑖  ) be 

a matrix satisfying the following relation 

ℎ𝑛𝑖 = 𝜑𝑛
1/𝛿𝑛

∗

∑𝛷𝑛𝑗𝜆𝑗𝑖

𝑛

𝑗=0

.                                                                        (5) 

Then, 𝛬 ∈ (𝑈, |𝑇𝜑|(𝛿)) iff  𝐻 ∈ (𝑈, 𝑙(𝛿)). 

 

Proof.  Let take 𝑢 ∈ 𝑈.  Taking into consideration the equation (5), it is obtained immediately 
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∑ℎ𝑛𝑖𝑢𝑖

∞

𝑖=0

= 𝜑𝑛

1

𝛿𝑛
∗

∑Φ𝑛𝑗∑𝜆𝑗𝑖𝑢𝑖

∞

𝑖=0

,

𝑛

𝑗=0

 

and also  𝐻𝑛(𝑢) = (𝐸
(𝛿) ∘ 𝑇̃)𝑛(Λ(𝑢)) for  𝑢 ∈ 𝑈.  So,  Λ𝑛(𝑢) ∈ |𝑇𝜑|(𝛿)  whenever  𝑢 ∈ 𝑈 equals to  𝐻𝑛(𝑢) ∈

𝑙(𝛿) whenever  𝑢 ∈ 𝑈. This concludes the proof of the theorem. 

 

Theorem 2.6. Assume that (𝛿𝑗) and (𝜂𝑗) are bounded  sequences of positive numbers with  𝛿𝑗 ≤ 1 and 𝜂𝑗 ≥ 1 

and also 𝛬̂(𝜂) = 𝐸(𝜂) ∘ 𝑇̃ ∘ 𝛬̃.  If 𝛬 ∈ (|𝑇𝜑|(𝛿), |𝑇𝜓|(𝜂)),  then  𝛬  defines a bounded linear operator 𝐿𝛬 such 

that  𝐿𝛬(𝑢) = 𝛬(𝑢) for all  𝑢 ∈ |𝑇𝜃|(𝜇), and  𝛬 ∈ (|𝑇𝜑|(𝛿), |𝑇𝜓|(𝜂)) if and only if there exists an integer 𝑐 > 1 

such that, for all 𝑛, 

 

∑ 𝜆𝑛𝑗

∞

𝑗=𝑖+2

 (
1

2𝑡𝑗
∆(

1

𝜎𝑗
) −

1

2𝑡𝑗−1
∆(

1

𝜎𝑗−1
))exist for all 𝑖,                                          (6) 

 

sup
𝑚,𝑖

( |𝜑𝑖
−1/𝛿𝑖

∗

(𝜉𝑖
(𝑛)
+ ∑ (

1

2𝑡𝑗
∆(

1

𝜎𝑗
) −

1

2𝑡𝑗−1
∆(

1

𝜎𝑗−1
))

𝑚

𝑗=𝑖+2

)|

𝛿𝑖

+ |𝜑𝑚−1
−1/𝛿𝑚−1

∗

𝜉𝑚−1|
𝛿𝑚−1

   

+|𝜑𝑚
−1/𝛿𝑚

∗ 𝜆𝑛𝑚
2𝜎𝑚𝑡𝑚

|
𝛿𝑚

) < ∞        (7)  

 

sup
𝑖
∑|𝑐−1 𝛿𝑖⁄ 𝜆̂𝑛𝑖

(𝜂)|
𝜂𝑛
< ∞.

∞

𝑛=0

                                                              (8) 

 

Proof. Since |𝑇𝜑|(𝛿), |𝑇𝜓|(𝜂) are FK spaces, to prove the first  part of the theorem it is sufficient to consider 

Theorem 4.2.8 of Wilasky (1984),  Λ  determines   a linear bounded operator 𝐿Λ. To prove the second part of 

theorem consider  Λ ∈ (|𝑇𝜑|(𝛿), |𝑇𝜓|(𝜂)). By Lemma 1.4, it is obtained  immediately that  Λ ∈

(|𝑇𝜑|(𝛿), |𝑇𝜓|(𝜂)) if and only if Λ̃ ∈ (𝑙(𝛿), |𝑇𝜓|(𝜂)) and  𝑉(𝑛) ∈ (𝑙(𝛿), 𝑐) where  
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𝜆̃𝑛𝑖 = 𝜑𝑖
−1/𝛿𝑖

∗

(λ𝑛𝑖
1

2𝜎𝑖𝑡𝑖
+ (

1

2𝜎𝑖+1𝑡𝑖+1
−

1

2𝜎𝑖𝑡𝑖+1
−

1

2𝜎𝑖𝑡𝑖
) 𝜆𝑛,𝑖+1

+ ∑ 𝜆𝑛𝑗

∞

𝑗=𝑖+2

(
1

2𝑡𝑗
∆(

1

𝜎𝑗
) −

1

2𝑡𝑗−1
∆(

1

𝜎𝑗−1
)))𝑛, 𝑖 = 0,1,… 

𝑣𝑚𝑖
(𝑛) =

{
 
 
 
 

 
 
 
 
𝜑
𝑖

−1
𝛿𝑖
∗⁄
(𝜉𝑖

(𝑛)
+ ∑ (

1

2𝑡𝑗
∆(

1

𝜎𝑗
) −

1

2𝑡𝑗−1
∆ (

1

𝜎𝑗−1
))

𝑚

𝑗=𝑖+2

) , 0 ≤ 𝑖 ≤ 𝑚 − 2

𝜑𝑚−1

−1
𝛿𝑚−1
∗⁄

𝜉𝑚−1
(𝑛)

,                                                                  𝑖 = 𝑚 − 1

𝜑𝑚

−1
𝛿𝑚
∗⁄
𝜆𝑛𝑚

2𝜎𝑚𝑡𝑚
                                                                     𝑖 = 𝑚

0,                                                                                     𝑖 > 𝑚.

 

If we apply the Lemma 1.1 to the matrix 𝑉(n), we get the conditions (6) and (7). On the other hand, since  

|𝑇𝜓|(𝜂) = (𝑙(𝜂))𝐸(𝜂)∘𝑇̃, for  𝑢 ∈ 𝑙(𝛿),  Λ̃(𝑢) ∈ |𝑇𝜓|(𝜂) if and only if Λ̂(𝜂)(𝑢) = 𝐸(𝜂) ∘ 𝑇̃ ∘ Λ̃(𝑢) ∈ 𝑙(𝜂), and so  

Λ̂(𝜂) ∈ (𝑙(𝛿), 𝑙(𝜂)). Hence, the last statement gives us the condition (8) with Lemma 1.1 which concludes the 

proof. 

 

Theorem 2.7 Assume that  (𝛿𝑗) is a bounded  sequence of positive numbers with  𝛿𝑗 > 1  and also   𝛬̂(1) =

𝐸(1) ∘ 𝑇̃ ∘ 𝛬̃.  If 𝛬 ∈ (|𝑇𝜑|(𝛿), |𝑇𝜓|),  then  𝛬  defines a bounded linear operator 𝐿𝛬 such that  𝐿𝛬(𝑢) = 𝛬(𝑢) for 

all  𝑢𝜖|𝑇𝜑|(𝛿). Also, 𝛬 ∈ (|𝑇𝜑|(𝛿), |𝑇𝜓|) if and only if there exists an integer 𝑐 > 1 such that, for all 𝑛, 

 

∑ 𝜆𝑛𝑗

∞

𝑗=𝑖+2

 (
1

2𝑡𝑗
∆(

1

𝜎𝑗
) −

1

2𝑡𝑗−1
∆ (

1

𝜎𝑗−1
))𝑒𝑥𝑖𝑠𝑡 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑖,                                    (9) 

𝑠𝑢𝑝
𝑚
(∑

𝑐
−1

𝛿𝑖
∗⁄

𝜑𝑖

𝑚−2

𝑖=0

|𝜉𝑖
(𝑛)
+ ∑ 𝜆𝑛𝑗 (

1

2𝑡𝑗
∆(

1

𝜎𝑗
) −

1

2𝑡𝑗−1
∆(

1

𝜎𝑗−1
))

𝑚

𝑗=𝑖+2

|

𝛿𝑖
∗

+
𝑐
−1

𝜇𝑚−1
∗⁄

𝜑𝑚−1
|𝜉𝑚−1
(𝑛)

|
𝛿𝑚−1
∗

 

+
𝑐
−1

𝛿𝑚
∗⁄

𝜑𝑚
|
𝜆𝑛𝑚
2𝜎𝑚𝑡𝑚

|
𝛿𝑚
∗

) < ∞              (10) 

∑(∑|𝑐−1𝜆̂𝑛𝑖
(1)
|

∞

𝑛=0

)

𝛿𝑖
∗

< ∞                                                               (11)

∞

𝑖=0
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Proof. The first part of the theorem can be proved in a similar way as above, so it is left to reader. Since  

 |𝑇𝜑|(𝛿) = (𝑙(𝛿))
𝐸(𝛿)∘𝑇̃

, it follows from Lemma 1.4,  Λ ∈ (|𝑇𝜑|(𝛿), |𝑇𝜓|) if and only if Λ̃ ∈ (𝑙(𝛿), |𝑇𝜓|) and  

𝑉(𝑛) ∈ (𝑙(𝛿), 𝑐) where the matrices Λ̃ and 𝑉(n) defined as in  Theorem 2.6. Applying Lemma 1.1 to  𝑉(n),  we 

get immediately the conditions (9) and (10).  On the other hand,   since   |𝑇𝜓| = (𝑙)𝐸(1)∘𝑇̃,     Λ̃ ∈ (𝑙(𝛿), |𝑇𝜓|) 

equals to Λ̂(1) = 𝐸(1) ∘ 𝑇̃ ∘ Λ̃ ∈  (𝑙(𝛿), 𝑙). Again, applying  Lemma 1.1 to  Λ̂(1), the condition (11) is obtained, 

and so the proof is comleted. 
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