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1. Introduction

For most of the topologists of the world most fascinating covering attributes are compactness,
Lindelofness, and Mengerness. Karl Menger introduced the concept of Mengerness, a sequential covering
feature, in 1924 (Menger, 1924). In literature, there are essentially two ways to generalise these covering
features. Some generalisations are made using different selection principles (see (Bal & Bhowmik, 2017; Bal
et al., 2018; Bal & Kocinac, 2020)), while others are made using different covering sets (see (Menger, 1924;
Rajesh &Vijayabharati, 2014)). We apply both types of variations on the Mengerness property concurrently to
bring about more intriguing extensions.

In the year 1970, Norman Levine presented the idea of generalised closed sets of a topological space
(Levine, 1970). A subset A of a topological space (X,7) is called g-closed if A € G € T implies that A €
G(Levine, 1970). Dunham (1977)and Dunham et al. (1980) conducted in-depth research on the characteristics

of g-closed sets. g-open sets were described in those studies as the complement of g-closed sets.
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Without regard to g-closed sets, Bal et al. established another equivalent concept of g-open sets in (Sarkar
et al., 2023). A subset A of a topological space X is called g-open set, if V € int(A) whenever V € A and for
all closed set V(Sarkar et al., 2023). a-open sets (Njastad, 1965), b-open sets (Menger, 1924), 68-open sets
(Velicko, 1966) and various generalisations of open sets are also being studied by many mathematicians.
However, Dunham's (1977, 1980) findings make the g-opens sets the most intriguing extension of open sets.
Using the g-open sets as a tool, Balachandran et al. (Balachandran, 1991) proposed the GO-compactness, Bal
et al. (Sarkar et al., 2023) proposed GO-Lindelofness, and GO-Mengerness and thoroughly investigated their
features . In a similar manner, we used g-open sets to introduced almost GO-Mengerness and looked at some of
its topological attributes in this study.

GO-Menger space is a study of sequential covering properties which can further be used in the study of
selection principles and topological games.

2. Literature Review

For the readers’ advantage, a few fundamental topics are discussed in this section.
For a topological space (X, ), a collection A of subsets of X is called a cover for the space X if UU = X.
If the collection is a collection of open subsets of X then it is called an open cover (Engelking, 1989). Suppose,

O denotes the family of all open covers of X. Then

Definition 2.1. (Kocinac, 2015) S (A, B) denotes the following selection principle : for each sequence

{A,,: n € N} of elements of A there is a sequence {B,;: n € N} of finite sets such that for each n € N,B,,
A, and U,y B,€B, where A and B are families of subsets of a space X or collection of families of subsets of a
space X.

Definition 2.2. (Menger, 1924) A space X which satisfies the selection property S¢;,( O, O) is called an

Menger space.

A subset A of a topological space (X, 1) is called g-closed if A € G € t implies that A € G (Levine, 1970).
gCl(A) denotes the g-closer of a set A € X and is defined as the smallest g-closed set containing A. Arbitrary
union of g-closed sets is a g-open set. Levine (1970) studied g-open sets as the complement of g-closed sets.
Sarkar et al. (2023) proposed an alternative equivalent definition of g-open sets. A subset A of a topological
space X is called g-open set, if V € int(A) whenever V € A and for all closed set V (Sarkar et al., 2023). A

set A € X is called a g-regular subset if A is both g-open and g-closed.
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Throughout the paper R(X) will denote the collection of all g-regular subsets of X, GO (X) will denote the

collection of all g-open subsets of X, GO (X) will denote the collection of all g-open covers of X.

Definition 2.3. (Sarkar et al., 2023) A space X which satisfies the selection property S;;,, (GO, GO) is called

an GO-Menger space.

Example 2.4. (Sarkar et al., 2023) Let X = N equipped with the discrete topology 75 and {U,:n € N} be an
arbitrary sequence of g-open covers of X. For each n € N, there exists a U,, € U,, such that n € N. So for each
n € N, if we choose V,, = {U,}. ThenV,, € U,, is a finite subset for each n € N. Also U,y V,, froms a g-open

cover of X. So the space is GO-Menger.

Definition 2.5. (Balachandran et al., 1991) Amap f : (X,7) —» (Y, 0) is called
a) { g-continuous} if f~1(4) € GO(X) forall A € o.
b) {gc-irresolute} if f~1(4) € GO(X) forall A € GO(Y).

No specific separation axiom is assumed for this paper unless otherwise stated and for the usual notions of
topology we follow (Engelking, 1989).
3. Almost GO-Menger Spaces

Although GO-Menger space weaken’s the concept of Menger property, we want to search for some
other covering property which weaker than GO-Menger space but stronger than Menger space. With this

aim we introduce the following definition.

Definition 3.1. Let GO(X) denotes the collection of all g-open covers of X. A topological space X is said to be
almost GO-Menger space if for every sequence {U,:n € N}, where U,, € GO(X) we can find a sequence
{Va:n€N}suchthat V,, € Uy isfiniteforall n € N and Ugeny {U {gCl(V): VEV,}} = X.

Definition 3.2. In a topological space X, A € X will be called a g-dense subset if gCl(A) = X.

Proposition 3.3. If a topological space X contains a g-dense subset which is GO-Menger in X, then X is almost

GO-Menger space.
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Proof. Let A be a g-dense subset of X which is also GO-Menger in X and suppose { U,, : n € N} is a sequence
of covers of A such that U,, € GO(X) for eachn € N.

Since A is GO-Menger in X, there exists a sequence {V,, : n € N} such that V, € U,, is finite and A C
Uneny {U{V: VEV, }}

But A SUpeny {U{V : V €V} SUpen (U {gCLV):V €V,

Taking gCl we have,

X = gCIl(A) SUgen; {U{gCL(V):V €V,}} [+ Ais g —dense, gCl(A) = X].Thus Ugeny {{gCIL(V):
V eV, }} = X. Hence the proposition.

Definition 3.4. Let GO(X) denotes the collection of a g-open sets of a space X. A space X is g-regular if for
each g-closed set A and a point x & A there exists U,V € GO(X) suchthatx e UUAS Vand UNV = Q.

Theorem 3.5. The following statements are equivalent.
(i) X is a g-regular space.
(i) For each G € GO(X) with x € G,3H € GO(X) suchthatx € H € gCI(H) < G.
Proof. (i) = (ii)
Let X is g-regular and G € GO(X) with x € G. So, X \ G = F(say) is a closed set with x & F.
Therefore by g-regularity there exists H,V € GO(X) such that
xEHFCVand HNV =0
= HNF =0
= FCX\H
= X\G S X\H
= HCcCG
Moreover, HNV =@
= HCX\VSX\F =X\ (X\6G)=G
= H < X\V S G but, X\ Visag-closed set containing H
= gCI(H) € gCl(X\ V)
= gCI(H) S X \V CG.
Therefore, x €H < gCIl(H) €G.
(i) = (1)
Let statement (ii) holds. Let x € X and F be any g-closed set such that x € F. Therefore x € X\ F = G
(say) and G is a g-open set. Therefore by the given condition there exist H € GO(X) such that
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x €H < gCIl(H) €G.

= x€Hand X\ G € X\ gCI(H).

= x€Hand X\ (X\F) SV = X\ gCl(H) (say).
= x € Hand F € V where H,V € GO(X).

Also, H < gCI(H)

= HnN (X\gCl(H)) =0

=HNV =0

Therefore X is a g-regular space.

Theorem 3.6. A GO-Menger space is always an almost GO-Menger space.
Proof. The proof follows directly from the definition and the fact that gCI(V) 2 V forall V € X.

Example 3.7. There exists a topological space which is neither GO-Menger nor almost GO-Menger.

Let X = [0,00)and B = {B, = [0,n):n € N}U {@} isabase for the topology T on X. Now we want to
show that in the space X, A € X which does not have the supremum element in X is g-closed and if A has a
supremum in X, then A is not g-closed. Since X is bounded below, every element of X will have a infimum in
X.

Suppose A has a supremum ag,, in X then ACS[0,aq,+1)€E€ 1. Butd = [ays,») S [0,aq, +
1), (@iny is the infimum of A.)

Therefore A is not a g-closed set.

Now, suppose that A do not have supremum in X then X is the only open set containing Aand A € X.ie. A is
g-closed.

In the same space X, every single ton { a } is a g-open set. Because X \ { a} does not have any supremum.
Consider the cover U = {{x}: x € X } and the sequence { U,, = U : n € N} of g-open covers of X. Now if
we consider any finite subset V,,of U, for each n € N then Ug,cny V,, will not be a cover of X Since countable
union of finite union of singletons is countable.

Therefore X is not GO-Menger.

Now, for the same sequence { U,, : n € N} of open covers suppose we choose the sequence {V,: n € N}
such that V,, < U, is finite for each n € N.

Vy, € V, is singleton set for each n € N. Since V},_ U [1,00) is a g-closed set containing Vy , - gCl(VVn) c

Wy, U [1,0) for each n € N.
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= U gCl(vy.) < U W, |U[1,0) for each n € N.

{very} {VVnEVn}
= U U gCl(wy. )¢ = U U Vy, |Ul1,0) % X
{nen} \ {very} {neN} \{vy,,ev,}

Because Ugneny ( Ulvy. eva) Vy.) is a countable union of finite union of singletons which is a countable set and

it cannot cover the uncountable set [0,1).
Open Problem 3.8. Does there exists an almost GO-Menger space which is not a GO-Menger space?

Theorem 3.9. A g-regular almost-g-Menger space is a g-Menger space.
Proof. Let {U,: n € N} be a sequence such that U,, € GO(X) for each n € N in a topological space (X,7). By
theorem (Andrijevic, 1996), foreachn € N, VU € U,, such that a € U there existsa V, € GO(X) such
thata € V, € gCl(V,) < U.
Suppose My, = {V, : a € U} foreach U € U, and n € N and assume that V,, =Uyey,y My for each n€
N.

=V, =Ueu,y (Vo : a € U} for each n € N},
Thus V,, € GO(X) for eachn € N. Moreover V,, = { gCl(V): V € V,, } is a refinement of U, foreach n €
N.
But {V, : n € N} is a sequence such that V,, € GO(X) for each n € N and (X, t) is almost GO-Menger.
Therefore there exists a sequence { W, : n € N} such that W,, € V,, is finite for all n € N and Ug,epy { U
{gCl(W): WeW,}} = X.
Now for each n € N and W € W,, we can choose Uy, € U, suchthat W c gCI(W) € Uy,. LetU, ={Uy :
W ew,}. So,{U, : n € N} isasequence such that U,, € U, is finite for each n € N.
We have to show that Ugneyy {U U,} = X.
Let x € X be arbitrary. Since Upeny {U {gCL(W) : W €W, }} = X, thereexistsam € Nand W € Wy
such that x € gCI((W). By the construction, there exists Uy, € U, such that x € gCl(W) < Uy,. Therefore
Umeny {VUR} = X. Hence X is a GO-Menger space.

Definition 3.10. Amap f : (X,t) —» (Y,0) is called quasi-irresolute if f~1(A4) € R(X) forall A € R(Y).

72



S. Sarkar and P. Bal On almost GO-Menger spaces

Theorem 3.11. Let (X, t) be an almost GO-Menger space and (Y, o) a topological space. If f: X - Y isa
quasi-irresolute surjection, then (Y, o) is an almost GO-Menger space.

Proof. Let {U,, : n € N} be a sequence of covers of Y by g-regular sets. Let U, = {f~*(U):U € U,} for
each n € N is a sequence of g-regular covers of X. Since 'f’ is a quasi-irresolute surjection and X is an almost
GO-Menger space then there exists a sequence {V,, : n € N } such that for every n € N, V,, is a finite subset
of U}, and Ugeny Vi isacover of X, Upeny {U {gClLy(V) =V : VETV,}} = X.

For each n € N, V € V,, we can choose a U, € U,, such that, V = f~! (U,). Now construct a sequence
w, = {gCly (Uy) = Uy : VeV, }byg-regular sets of U,,.

Now, if y = f(x) € Y then there exists a V € V,,, for each n € N such that x € V. Since V = f~1 (U,).
Therefore x € f~1(Uy).

=y = f(x)eU, e W,.

Therefore Ug,e yy W5, is a cover of Y.

Hence (Y, o) is almost GO-Menger space.

Definition 3.12. A g-open cover U is a gw-cover of a space X if X does not belong to U and every finite subset
of X is contained in a member of U.

Let GQ denoted be the collection of all gw-covers for a space X.

Theorem 3.13. For a space X the following are equivalent:
(i) X is GO-Menger.
(if) X satisfies S;;, (G2, GO).
Proof. (i) = (ii)
Every gw-cover of X is a g-open cover for X, which implies that every GO-Menger space satisfies the selection
principle S¢;, (G, GO).
(i) = ()
Let {U,:n € N} be a sequence of g-open covers of X. Partition N into pairwise disjoint infinite subsets
{N;N = NjUN,U...UN,, U...}.
For each n € N, V,, be the set of all elements of the form U, UU,,U..UUy,, ny S n; <...< my, n; €
Ny,, Uy, €U,, i < k, k € N which are not equal to X. Then every V,, is a gw-cover of X. Now X satisfies

Srin (GQ, GO) so there exist a sequence {W,:n€ N} such that W, cV, is finite and

Uneny {Ywew s W} = X.
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Suppose W,, = {W,},W2,..., W™} where each W} = U},in U U,%in u...u U,’fin. So in this way we get finite
subsets of U,, for some p € N which cover X. If there are no elements from some U,, chosen in this way, then
we put W, = @.

This gives that X is GO-Menger.

4. Conclusion

Almost GO-Menger space is a weaker version of GO-Menger space which is preserved under quasi-
irresolute maps. A g-regular almost GO-Menger space is equivalent to GO-Menger space. A space containing a
g-dense, GO-Menger subset is always almost GO-Menger space. GO-Menger space can also be characterise in
terms of selection of principles .
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