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1. Introduction

For many years, one of the most important and active areas of research in pure mathematics has been the
study of sequence convergence and summability theory. Moreover, it has made significant contributions to a
wide range of fields, including computer science, mathematical modelling, functional analysis, topology,
measure theory, and applied mathematics. In recent years, the idea of statistical convergence of sequences has
been applied widely in mathematics. Fast (Fast, 1951) conducted a first exploration of statistical convergence.
Since then, a number of mathematicians have investigated the statistical convergence and convergence features
and applied these ideas to many disciplines. Further references can be found in (Connor, 1988), (Fridy, 1985),
(Gurdal, 2004), (Kandemir et al., 2022), (Kisi, Cakal & Giirdal, 2024a;2024b;2024c¢), (Kolanci, Giirdal &
Kisi, 2024), (Nabiev, Savas & Giirdal, 2019), (Sahiner, Giirdal & Diiden, 2007), (Temizsu & Et, 2023),
(Tripathy & Et, 2005).
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A distance function, or metric, extends the concept of physical distance in mathematical analysis. The
concept of a metric space was expanded and generalized by several writers to include complex and quaternion
metric spaces. Following Mustafa and Sims' presentation of the idea of generalized metric spaces (also known
as G —metric spaces) in (Mustafa & Sims, 2006), a number of studies were written expanding on this idea to

include complex generalized metric spaces. Metrics in this domain indicate the separation of three locations.

Quaternions are a number system that goes beyond complex numbers. Hamilton, an Irish mathematician,
first proposed it in 1843 to explain three-dimensional mechanics. The noncommutative multiplication of two
quaternions is one property of quaternions. Quaternion analysis is covered in detail in (Azam, Fisher & Khan,
2011) and its references. This paper proposes a type of convergence types in quaternion-valued G —metric
spaces (or Gq —metric spaces) to extend the G —metric spaces introduced by (Mustafa & Sims, 2006),
Gq —metric spaces introduced by (Al-Ahmadi, 2017), and various forms of convergence well known in the

literature. The motivation behind this proposal stems from the practical applications of quaternions.

This paper reviews fundamental aspects and proposes the concept of convergence for triple sequences in
Gq —metric space, alongside a detailed analysis and definition of statistical convergence in this context. The
implications of these results are particularly relevant for fields such as numerical analysis, optimization, and
data science, where convergence properties play a crucial role in algorithms and their efficiency. Additionally,
the relationship between strong summability and statistical convergence in Gy —metric spaces offers insights for
further applications in solving problems related to fixed-point theory and dynamical systems. In this study, we
also examine convergence and statistical convergence for triple sequences in quaternion-valued G-metric spaces
and discuss some of their basic properties. The paper concludes with an exploration of the complex relationship
between statistical convergence in Go —metric spaces and the concept of strong summability, highlighting its

potential applications and making the findings accessible to a broader scientific community, while still being

relevant for those with advanced mathematical expertise.
2. Preliminaries

Let us review the meanings of statistical convergence, p —strongly Cesaro summability, and natural density

(details may be found in the above-mentioned texts).

The asymptotic (or natural) density for a set S of positive integers is defined as follows:

1
6(8):= limgl{u < s:u € S}|.
S
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A sequence (w,,) is said to be statistically convergent to w, if for every e > 0
1
hm;l{u <s:lw, —w|=¢}|=0.
S

A sequence (w,,) is said to be p —strongly Cesaro summable to w, if

S
1
lim—z |lw, —wl|P = 0.
s S
u=1

Now, let us review some fundamental ideas about quaternion spaces (see, for instance, (Farenick &
Pidkowich, 2003), (Omran & Al-Harthy, 2011)). One dimensional real algebra in four dimensions is called
the space of quaternions, or Q. The multiplicative identity of Q is represented by 14, whereas the null element
of Q is denoted by 0. Three so-called imaginary units (i,;, and k ) are included in the space Q. By definition,

they satisfy:
i2=j2=k?=-1,ij=—ji=k,kj = —jk =iand ki = —ik = |.

Assuming that 1,i,j, k constitute a real vector basis of Q, every q, € Q may be expressed as q, = x, +

X411 + x5j + x3k, where x,, x4, x,, and x5 are elements of R.

It was noted in (El-Sayed, Omran & Asad, 2014) if any of the following circumstances holds true, g¢; <

q;.

().  Re(qy) = Re(qz);Img, (q;) = Img, (q); where s; = j, k;Im;(q1) = Im(qz);
(ii).  Re(q1) = Re(q); Img,(q1) = Img,(q,); where s, = i, k; Im;(q;) = Im;(qy);
(iiif).  Re(qq) = Re(qz); Img,(q1) = Img, (g2); where s3 = i, j; Imy(q,) = Imy(q3);
(iv).  Re(q1) = Re(q,); Img, (q1) < Img, (q2);Im;(q1) = Im(qy);

(v).  Re(qy) = Re(qy); Imy,(q1) < Img,(q2); Imm;(qy) = Imm;(qy,);

(vi).  Re(qy) = Re(qy); Img, (q1) < Img,(q2); Immy(q;) = Immy(q2);
(vii).  Re(q:) = Re(qy); Ims(qy) < Im(q2);
(viii).  Re(qy) < Re(qz);Ims(q1) = Ims(gq,);
(iX).  Re(q1) < Re(qy); Img, (q1) = Img, (q2); where s; = j, k;Im(q;) = Im(q,);
(X).  Re(q1) < Re(qz); Im,(q1) = Imyg,(q2); Im;(qy) < Im;(q2);
(xi).  Re(q1) < Re(qy);Ims,(q1) = Img, (q2); Immy(q1) < Imy(qz);
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(xii).  Re(qy) < Re(qy); Img, (q,) < Imyg, (q2);Im;(q,) = Im;(qy);
(xiii).  Re(qy) < Re(qz); Img,(q,) < Img, (q2); Im;(q,) = Im;(qy);
(xiv).  Re(qy) < Re(qz); Img,(q1) < Img, (q2); Imk(gqy) = Imk(qy);

(xv).  Re(qq) < Re(qy);Ims(q;) < Im,(qy)
(xvi).  Re(qq) = Re(qz); Ims(q;) = Imy(qy).

Remark 2.1. In particular, we note that q; < q, if g; # q, and one from (i) to (xvi) is satisfied. Also, we note
that g, < q, if only (xv) is satisfied. It should be remarked that

1 = g2 = g1l < gzl

Definition 2.2. (Al-Ahmadi, 2017) Let ¢ be an non-empty set and let Go: f X £ X £ — @ be a function satisfying
the following conditions

1 Go(x,y,2) =0gifx=y =12z

2. 0g < Go(x,x,y)forall x,y € fwith x # y.

3. Go(x,x,y) < Go(x,y,z) forall x,y,z € pwithy # z.

4. Go(x,y,2) = Go(x,2,¥) = Ge(¥,2,x) = -

5. Go(x,y,2) < Go(x,a,a) + Gg(a,y,z) forall x,y,z,a € .

Then the function G, is called a quaternion-valued generalized metric or, more specifically, a quaternion-

valued G4 —metric on g and the pair (F, GQ) is called a quaternion-valued G —metric space.

Example 2.3. Let f = Q be a set of quaternion number. Define a quaternion valued function G¢:Q X Q X Q —
Q by

GQ(QlJ d2,93)

= |xd —x3| + Ixd — x5 + |x5 — 3| +i(lxf — xF| + |xf — 3| + |xf — x3])

+j(lxz — %31+ |xz = %31+ 1x3 — 23D + k(lxz — x5 + |x3 — %3] + [x3 — x3D,

where g, = xg + x]i+ x3j + x3k forr = 1,2,3. Then (Q, GQ) is a quaternion valued G —metric space.

Proposition 2.4. (Al-Ahmadi, 2017) Let (F, GQ) be a quaternion valued G —metric space. Then for all x,y, z

and a € f the following properties hold.
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(1). Gox,y,z2)=0>x=y=z

(2). Go(x,y,2) < Golx,x,y) + Go(x, x, 2)
(). Go(x,y,y) < 2Go(y, x,x)

(4). Go(x,y,2) < Go(x,a,2) + Gola,y,2)

(5). Go(x,y,2) < E(Gq(x. y,a) + Go(x,a,2) + Gola, y, Z))
(6). Go(x,y,2) < 2(Go(x,x,a) + Go(,y,a) + Go(2,2,a)).
3. Main Results

In this section we define some types of convergence in G —metric space and discuss some of its basic

properties.

Definition 3.1. Let (F, GQ) be a Gy —metric space, and let (w,,,;) be a triple sequence of points of r. We say

that (Wy,,,;) is Gy —convergentto w € ¢ if

qu € QO < qo,ano EN
= GQ(W, Wnlmllllwnzmzlz) < qo, YNy, ny,,my,my, 1y, 1, = ng

We call w the limit of the triple sequence w,,,,,;; and write wy,,,,; =Gy WOI Go — Limy 100 Wnmi = W.

Definition 3.2. Let (F, GQ) be a Go —metric space. The triple sequence (wy,,;) is said to be a Gy —Cauchy

sequence if, for every g, € Q,0 < q,, there is a positive integer k such that
GQ(WnOmolol Wn1m1l1' anmzlz) < CIO
for all ny, ny, ny,, my, my, my, Ly, 11,1, = k.

Definition 3.3. A G, —metric space (F, GQ) is said to be quaternion valued complete if every G4 —Cauchy

triple sequence is Gy —convergent in (f, Gg).

Proposition 3.4. Let (f, GQ) be a Gy —metric space and let (w,,,,;) be a triple sequence of f. If wy,; —¢, wy in

(F’ GQ) and Whnmi —)GQ W, in (F, GQ), then Wi = Ws.

Proof. Let (f, Go) be a Go —metric space and let {wy m.1,, Wn,m,1,» Wnym,1,} S F- By Definition 3.1 for 0 <

qo € Q, there exists N; and N, such that
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qo
GQ(WI' Wnlmlll' anmzlz) < ? for all ny, Ny, Mq, My, ll! lz > N1

qo
GQ(Wz, Wnlmlll' anmzlz) < ? for all ny, Ny, Mq, My, ll! lz > N2

Set ny = max{N;, N,}. If n,m,l = n,, then we get
GQ (Wl' W2, Wz) < GQ (W1; Wanmi» anl) + GQ (anb W2, WZ)
< GQ (W1; Whomi» anl) + 2GQ (WZJ Whnmis anl)

<5t =4
Since 0 < g, € Q is arbitrary, Go(w;, w,, w,) = 0. Hence w; = w,, as desired.

Proposition 3.5. Let (f, GQ) be a Gy —metric space and (w,,;) € ¢ be a triple sequence. Then (Wy,,;) is a

G —convergent to w € ¢ if and only if
|GQ(W, WnlmlllJanmzlz)l - 0 as ny,n,,my,my, ly,l, - oo

Proof. Assume that (Wy,) is @ G —convergent to w. For a given & > 0, let g =~ +~i+~j +~ k. We have
that 0¢ < qo € Q and there exists ny > 0 such that Go(W, Wi, m, 1., Wn,m,1,) < Gor V11,2, My, My, 1y, 1y = ng.
Therefore  |Go(W, W m, 1, Wn,m,1,)| < 1qol = €. Consequently,  |Go(W, Wn m 1, Wnym,i,)| = 0 as
Ny, Mg, My, My, 1y, 1, > 0. Conversely, assume that |Go(W, Wi, m, 1, Wa,myi,)| = 0 @ ny,np,my,my, by, 1, >
o, Let g, € Q with 0 < g,. There exists a > 0 such that for g, € Q such that |g,| < @ = gq¢ < q,. Since
|Go(W, Wi m 1 Wnym,i, )| = 0 @ my,np,my,my, 1y, 1, > o0, we have for a > 0 there exists n, € N for all

Ny, Mg, My, My, Uy, 1, = g such that |G (W, Wy .1, Wn,m,1, )| < @. This implies that
GQ (WI Wnlmllll anmzlz) < ql
This means that (w,,,,;) is a quaternion G —convergent as required.

Corollary 3.6. Let (F. GQ) be a Go —metric space, (Wp,,;) € f and w € r. The following properties are

equivalent:

().  (Wpm) is @ Gg —convergent to w.
(ii). |Gq(anl,anl,W)| - 0asn,m,l - o,

(iii). |GQ(anl, w, W)| - 0asn,m,l - oo,
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(iv). |GQ (Wnlmlzl»anmzzz'W)l — 0 asny,n, my,m,,l;,l, - .

Proposition 3.7. Let (f, GQ) be a Gy —metric space and (wy,,;) € ¢ be a triple sequence. Then (Wy,,) is a

G —Cauchy sequence if and only if
|GQ (Wnomolo' Wnlmlllﬁ anmzlz)l - 0 as nl’ ml’ nz’ mz’ ll’ l2 — 0.

Proof. Suppose that (wnm) is Gq —Cauchy sequence. For a given & > 0, let qo = =+~ i +~j + k. We have

that 0q < gqo € Q and there exists N > 0 such that
GQ(Wnomolo'Wnlmﬂyanmzlz) < (o, YNy, Ny, my,my, by, 1, = N
Therefore |Go(Wnymy1y) Wnymy iy Wnym,t,)| < 1q0l = €. Consequently,
|GQ (Wnomolo; Wnlmllll Wn2m212)| -0
asnq,ny,my,my, ly,l, - oo
Conversely, suppose that
|GQ (Wnomolol Wnlmllll Wn2m212)| -0

as ny,n,, my,my,, l;, 1, » . Let g, € Q with 0 < gq,. There exists @ > 0 such that for g € Q such that |g| <
a = q < qo. Since |Go(Wnymy 1o Wnymyly Wnym,t,)| = 0 @ ny,na,my,my, 1y, 1, > o, we have for a > 0 there

exists N € N for all n, m,l > N such that

|GQ(Wn0molo' Wnimqly» Wn2m212)| <a

Implying that

GQ (Wnomolo' Wnlmllli anmzlz) < qO

This means that (wy,,,;) is Go —Cauchy sequence as required.
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4. Statistical convergence of Gy —metric space

In this section, we introduce statistical convergence in Gqo —metric spase and give several key

characteristics.

Definition 4.1. Let (f, GQ) be a Gy —metric space and (wy,,;) < f be a triple sequence. {wy,,,} statistically

converges to w if for every q, < Q with 0 < g, such that

n,rlni,moo W {(np ny, Tl3), (mp my, m3); (11; L, l3) € N3 x N3: Nny,NyN3 <N

mlimZ'mS S m, ll) lz, l3 S l: |GQ(WJ Wn1m1111Wn2m212)| 2 IqOI} |= 0:

GH(st)
and denoted by G (st) — limp o0 {Wn,m,10 Wnymyt,} = W OF Wi} = w.

Definition 4.2. Let (£, Go) be a Gy —metric space. {w,,,,;} is said to be statistically G, —Cauchy if for every

qo € Q with 0 < q,, there exists ny, my, [, < Q such that

{(nll nZl n3)1 (mll le m3)1 (lll l21 l3) € N3 X NB! nll nZI n3 S n

lim ———
n,m,l-co (nml)z

ml’ le m3 S m' ll' lz’ l3 S l: |GQ(Wn0mololW’Vllmllllwnzmzlz)l 2 |CIO|} |= 0'

Definition 4.3. Let (£, Go) be a Gy —metric space. (f, Gg) is called a complete quaternion valued G —metric

space if every statistically G, —Cauchy sequence in(f, Go) is Go(st) —convergence in (£, Go).

Definition 4.4. Let (f, Go) be a G, —metric space. {wy,,} is bounded if there exists a positive number M such

that |{Wn1m111»anmzzz»Wn3m3l3}| < M for all {(ny,n,,n3), (Mg, my, my), (14,1, 13)}.
We will denote the set of all bounded sequences by £S,.

Theorem 4.5. If a triple sequence {w,,,;} is statistically convergent in (F, GQ) then Go(st) — lim(wy,) is

unique.

Proof. Suppose that {w,,,;} statistically converges in (F, GQ). Let Go(st) — lim(Wyy,) = Ly and Gg(st) —

lim(w,,,,,;)) = L,. Givene > 0and 0 < g, € Q, let

) )
- i 44k
o 4p+l4p+14p+ 4p
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Define the following sets as:

Sl (E) ={(n1' nZ'nS)' (mll mZ' m3)' (llJ lz, 13) € N3 X NB; n1; an n3 S n
&
mq,my, M3 < m, ll' 12' 13 < l: |GQ(L1; Wnlmlll’ anmzlz)l = Iqol = E}
SZ (8) ={(Tl1, le, Tlg), (mlﬁ mz, m3); (l1; lz, l3) € N3 X N3; n1; nz, n3 S n

£
my, My, ma < m, 1y, I, I3 < 1| Go(Lay Wnymyty Wnymyt, )| = 10l = E}

Since Gq(st) — lim(wym) = L;, we have &(S;(g)) =0. Similarly Gq(st) —lim(wy,,) = L,, implies
5(S,(¢)) =0.

Let S(e) = S,(¢) U S,(€). Then §(S(¢)) = 0 and we have S¢(¢) is non-empty and §(5¢(¢)) = 1. Suppose that

{ny, ny,ns}, {my, my, ms}, {l;, 15, I3} € S€(&). Then we have

|Go(Ly, Lz, L) < [Go(Ly, Waamt, Wam) | + |G (Wi, Lz, L)
< |GQ (L1, Womis anl)l + 2 | Gq (L2, Wnni, anl)l
< |Go(Ly Waymyi Waymyi, )| + 2|Go (Lo Waimy 1 Wiy mot, )|
< 2|Go(Ly, Waymyiy Wnymyi, )| + 2]Go (Lo Waymyiy Wnym, i, )|

- 2( € N € ) B
= Zp Zp =&
Since € > 0 was arbitrary, we get Go(L,, L, L,) = 0, therefore L; = L,.
Theorem 4.6. If Gg — limwy,,; = w then G (st) — limw,,,; = w but converse need not be true in general.
Proof. Let G — limw,,,,, = w. Then for all 0 < g, € Q there exists N € N such that.
ny, Ny, my,my,ly, 1, =N = GQ(W, Wn1m1ll'anmzlz) < q,
The set
A(E) = {(nl,nz, n3), (ml,mz,mg), (ll, lz, l3) € N3 X Ng,nl,nz, Tl3 S n
my,my,mg <m,ly, 1y, 13 <I: |GQ(W, Wnlmlll,wn2m2,2)| > |qo| = e}
c {(1,1,1),(2,2,2), ... }?

where g =>+i>+j>+k-,8(A(e)) = 0. Hence Go(st) — limwpm = w.

The following example shows that the converse need not be true.
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Example 4.7. Take the quaternion valued G —metric space in Example 2.3. Let w,,,; be a triple sequence
defined as

W _ {nml, if n,m,l is a cube,
nml =1, otherwise.

It is easy to see that Go(st) — limw,,,; = 1, since the cardinality of the set

mmD)eNXNSm<an<pBl<y(apBy €N)|Gy(1,wym)| > |q| = €}, where
Q

e €
=—4+1i-

1=3771y

& &
+]§ + kz < +vVnml
for every € > 0. But {w,,,,,;} is neither convergent nor bounded.

Theorem 4.8. Let (£, Go) be a Gy —metric space Then a triple sequence {wy,} of points in (f, Gg) is

statistically G, —convergent if and only if it is statistically G, —Cauchy.
Proof. Suppose that Go(st) — limw,,,; = w. Then, we get §(A(¢g)) = 0, where

A(E) = {(nl,nz, ng), (ml,mz,mS), (lll l2, l3) € NS X NS, nl, nz, n3 S n

> g0l = 5}

mqy,my,my <m,ly, 1,13 <L |GQ(W, Wnlmllllwnzmzlz)
& . € . &€ &
where go = - +i - +j+ k.
This implies that

5(A°(e)) = {(ng,nz,n3), (Mg, my, m3), (14, 15, 13) € N3 x N3, ny,Ny, Nz <N

my,my,mg < m, 1, L, Ly < 1 |Go (W, Wamyty Wngmat, )| < g0l =5 =1
Let (jl’j2!j3)l (kll kZJ k3): (Ul: Uy, vg) € An(g). Then
&
|GQ(W' leklvl'Wj2k2v2)| < |q0| = E

Let

B(e) = {(ny,ny,n3), (my, my,m3), (L, 15, 13) € N3 X N3, ny,n,,n; <n,my,my,mg <m

Lyl s <L |GQ(Wj1k1V1' Wi, kavyr Wisksvzr Wnymylyr Wnamyly Wn3m3l3)| = g},
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we need to show that B(e) c A(e). Let n,m € B(e). Hence |Go(W, Wi, m 10 Wnym,1, )| = % Otherwise if
|GQ(W' Wnlmllll anmzlz)l S & then

€= |GQ (Wj1k1v1' Wi koo Wisksvy Wnymgiyr Wnym,ty) Wn3m313)|

= GQ (W' Wnimalyo anmzlz) + GQ (W’ Wiikqvy szkzvz)
< & N &

— —=g,

2 2

which is not possible. Hence B(g) c A(g), which implies that the triple sequence {w,,,;} is statistically

Gq —Cauchy.

Conversely, suppose that {wy,,} is Gq(st) —Cauchy but not Gg(st) —convergent. Then, there exists

G Jarjz), (ky, kg, k3), (v1, v, v3) € N3 x N3 such that §(G(¢)) = 0 where

G(S) = {(nll nZ' n3)l (mll mZ; m3); (l1J l21 l3) € N3 X N3, Tll, le, Tl3 S n, ml,mz,m3 S m

Ll s <L |GQ(Wj1k1v1’ Wi kovar Wizkavsr Wnymgtyr Wnymyty) Wn3m313)| = g}
and §(D(¢g)) = 0, where
G(E) = {(nl, nz, n3), (ml, mz, m3), (lll l2, l3) € N3 X NS, nl, nz, n3 S n

€
mqy,my,my <m,ly, 1,13 < I: |GQ(W, Wnlmllllwnzmzlz)l < E}'

that is 6(D¢(¢)) = 1. Since

|GQ (Wj1k1v1’ Wi, kovy Wisksvsr Wnymylyr Wnymyly Wn3m313)|

= 2|GQ(W' Wn1m1l1’anmzlz)| S ¢

we have |Go(W, W m, 1 Wnym,i, )| <§. Therefore §(G°(¢)) = 0 that is §(G(e)) = 1, which leads the

contradiction, since {w,,,,,;} was Gq(st) —Cauchy. Hence {wy,,;} is G (st) —convergent.

Now, we establish the relation between strong summability and Gq —statistical convergence in Gq —metric

space

Definition 4.9. A triple sequence {w,,,,;} is said to be strongly p —Cesaro summable (0 < p < ) to limitw in

(F Go) if
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nm,l

. 2 p
n,mly—lmo W z (GQ (Wn1m1l1’ Wn,myly W) ) =0
Nnq,Nz,Mmq,myly,lp=1

and write it as wy,; = w[Cy, GQ]p. In this case w is the [Cy, GQ]p —limit of {wy,;}.

Theorem 4.10. (3) If 0 < p < o and {wp,} > w[Cy, GQ]p, then {wy,,,} is statistically Gy —convergent to w
in (F' GQ).

(b) If Wy} is bounded and G, —statistically convergent to w in (g, Gg ), then wym; = w[Cy, GQ]p.

Proof. (a) Let

SE (p) = {(nll nZ' n3)) (mjb mZ; m3)1 (lll l21 l3) € N3 X N31 nll nz, n3 S n

my,my,my <m,ly, 13 < L |Gq(Wn1m111,Wn2m212,W)|p = s}
Now since wy,,, = w[Cy, GQ]p then

n,m,l

2
0 (nml)? Z (GQ (W"1m111' Wnymalys W)p)
nq,M2,Mq,My,lq,l1=1
2 n,m,l
N (nm)z Z (GQ (Wn1m111: WanZ 12 y W)p)

N1,Ny,M1,My,lq,1=1,1;,m;,l; &S (P)

n,m,l

14
+ Z (GQ (Wn1m1l1' Wn,maly W) )
Nq,N2,Myq,Myly,lp=1,n;m;,;€Se (D)

> WISS(p)Isp, asn,m,l - o

That is, limy, 1 — 1S: ()] = 0 and §(S.(p)) = 0.

(nml)2

(b) Suppose that {w,,,} is bounded and G —statistically convergent to w in (F, GQ). Then for € > 0, we have

§(S.(p)) = 0. Also, there exists M > 0 such that |Go(Wn,m, 1, Wnym, i, w)|P < M. We have

63



M. Giirdal and O. Kisi On convergence in G, metric spaces

nm

2
W Z (GQ(Wn1m1l1’ Wnamalys W)p)

ny,Nz,mymy=1

2 nm,l
I p
- (nml)? (GQ(Wnlmllyanmzzz,W) )
NqM2,Mq,My, 1L =1,n,m;, [ €Se(P)
2 n,m,l
I p
+ (Tlml)2 (GQ (Wn1m111J anmzlzl W) )

nq,Nnz,mq,my,ly,l=1,n;m; ;€S (p)

= §;(e) + S2(¢)

where
n,m,l
14
T, (8) = (nml)2 Z (GQ(Wn1m1l1’ Wn,mal, W) )
Nnq,Nz,mq,ma,ly,l=1,n;,m;,l;€Se(p)
and
n,m,l
14
T, (5) = W z (GQ(Wn1m1l1‘ Wn,oma iy W) )

ng,Nz,Mmq,mayly,l=1,n;m;,l;€Se(p)

Now if (ny,ny,n3), (my, my,my), (1, 1, 13) € S.(p) then T (e) < €P. For (ny,ny,n3),

(my, my, m3), (13, 15, 13), we have

2ISg(p)|> - MZISg(p)I S

asn,m,l - oo, since §(S(¢)) = 0. Hence wy,, — w[Cy, GQ]p.

5. Conclusion

We have presented and discussed convergence for triple sequences in Gq —metric space in this work,
looking at a number of fundamental characteristics. In addition, we have carried out an extensive examination
of statistical convergence within this framework with the goal of offering a thorough comprehension of
sequence behavior within this particular metric environment. We have concluded our study by examining the

connection between strong summability and statistical convergence in Gqo —metric spaces. These results
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highlight the close relationships between summability and statistical convergence, providing important new

information on the nature of convergence in G, —metric spaces.
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