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I. Introduction

Abstract: In this paper, we introduce the concept of strongly A —convergence of
order @ in the neutrosophic normed spaces. We investigate some fundamental
properties of this new concept.
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The concept neutrosophy implies impartial knowledge of thought and then neutral describes the basic difference

between neutral, fuzzy, intuitive fuzzy set and logic. The neutrosophic set (NS) was investigated by

Smarandache (Smarandache, 2003) who defined the degree of indeterminacy (i) as independent component. In

(Smarandache, 2013), neutrosophic logic was firstly examined. It is a logic where each proposition is

determined to have a degree of truth (T), falsity (F), and indeterminacy (I). A neutrosophic set (NS) is

determined as a set where every component of the universe has a degree of T, F and /. In intuitionistic fuzzy

set (IFSs) the ‘degree of non-belongingness' is not independent but it is dependent on the “degree of

belongingness”. Fuzzy sets (FSs) can be thought as a remarkable case of an IFS where the “degree of non-

belongingness” of an element is absolutely equal to “I1- degree of belongingness”. Uncertainty is based on the
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belongingness degree in [FSs, whereas the uncertainty in NS is considered independently from T and F values.
Since no any limitations among the degree of T, F, I. Neutrosophic sets (NSs) are actually more general than
IFS. Neutrosophic soft linear spaces (NSLSs) were considered by Bera and Mahapatra (Bera and Mahapatra,
2017). Subsequently, in (Bera and Mahapatra, 2018), the concept neutrosophic soft normed linear space
(NSNLS) was defined and the features of (NSNLS) were examined.

Kirigci and Simsek (Kirisci and Simsek, 2020a) defined new a concept known as neutrosophic metric
space (NMS) with continuous t-norms and continuous t-conorms. Some notable features of NMS have been
examined. Neutrosophic normed space (NNS) and statistical convergence in NNS has been investigated by
Kirisci and Simsek (Kirisci and Simsek, 2020b). Neutrosophic set and neutrosophic logic has used by applied
sciences and theoretical science such as decision making, robotics, summability theory.

In (Kisi, 2020), lacunary statistical convergence of sequences in NNS was examined. Also, lacunary
statistically Cauchy sequence in NNS was given and lacunary statistically completeness in connection with a
neutrosophic normed space was presented. Kisi (Kisi, 2021a), defined lacunary ideal convergence and gave
various results about lacunary ideal convergence in (Kisi, 2021a) and (Kisi, 2021b). Also, triple Lacunary A-
statistical convergence and triple difference sequences of real numbers in neutrosophic normed space

introduced by Kisi (Kisi, 2022a, 2022b).

Definition 1.1 (Menger, 1942): Let =: [0,1] X [0,1] - [0,1] be an operation. When = satisfies following
situations, it is called continuous TN (Triangular norms (t-norms)). Take p,q,7,s € [0,1]

Hp*xl=p

(i)fp<randq <s,thenpxq <7 x5,

(ii1) * is continuous,

(iv) * associative and commutative.
Definition 1.2 (Menger, 1942): Let ¢ : [0,1] X [0,1] — [0,1] be an operation. When ¢ satisfies following
situations, it is said to be continuous T'C (Triangular conorms (t-conorms)).

@Hpo0=p

(i)fp<randq <s,thenp0gq=10s,

(ii1) © is continuous,

(iv) ¢ associative and commutative.
Definition 1.3 (Kirisci and Simsek, 2020b): Let F be a vector space, N = {{(u,G(u), B(u),Y(uw)):u € F}bea
normed space (NS) such that N: F X R* — [0,1]. While following conditions hold, V = (F,N, *, 0 ) is called
to be NNS. Foreachu,v € F and J,u > 0 and for all o # 0,
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() 0<SGI)<1L0<Bwd)<10<Ywd)<1VvdER"
(i) G(w,9) + B(w,9) + Y (u,9) < 3, V9 € R
(iii) G (w, 9) = 1 (for 9 > 0) iffu = 0,

(iv) Gow,9) = G (w,2),

V) Gu,pw)* G, <Gu+v,u+9)

(vi) G (u,.) is non-decreasing continuous function,
(vii) limy_ G(u,9) =1,

(vii)  B(w,9) = 0 (for 9 > 0) iffu = 0,

() Bow, 9) = B (=),

x) B(u,u) ©B(,9) = B(u+uv,u+19),

(xi) B(u,.) is non-increasing continuous function,
(xii) limy_, B(u,9) = 0,

(xii)  Y(w,9) = 0 (for 9 > 0)iffu = 0,

xiv)  Y(owd) =Y (u %)

(xv) Yu,w) oY@ 9)=Yu+v,u+9),

(xvi) Y (u,.) is non-increasing continuous function,

(xvii)  limy_e Y(u,9) =0,

(xvii) If9 < 0, then G(w,9) = 0, B(u,9) = 1 and Y (u, 9) = 1.

Then N = (G, B,Y) is called Neutrosophic norm (NN).

Definition 1.4 (Kirisci and Simsek, 2020b): Let V be an NNS, the sequence (x;) inV, € € (0,1) and 9 > 0.

Then, the squence (x;) is converges to ¢ iff there is N € N such that G(x;, —£,9) > 1 —¢, B(x, — £,9) < ¢,

Y(xp —£,9) < €. That is, limy_,o G(x;, — €,9) = 1, limy_,, B(x), — £,9) = 0 and limj_, Y(x;, —£,9) =0

as ¥ > 0. In that case, the sequence (x;) is named a convergent sequence in V. The convergent in NNS is

indicated by N — lim(x;) = 4.

Definition 1.5 (Kirigci and Simsek, 2020b): Let V be an NNS. Ford > 0, w € F and € € (0,1),
OBw,e9)={u€eF: Gw—-u9)>1—gBw—u9)<e&Yw-—u) <¢e}

is called open ball with center w, radius ¢.

Definition 1.6 (Kirisci and Simsek, 2020b): The set A C F is called neutrosophic-bounded NB in NNS V, if

there exist A > 0 and € € (0,1) such that G(u,9) > 1 — ¢, B(u,9) < € and Y (u,9) < ¢ for each u € A.
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Let A = (4,,) be a non-decreasing sequence of positive real numbers tending to oo such that 1,,,; < 4,, +
1, A; = 1. The generalized de la Vallée-Poussin mean is defined by
tn () = 5= Srer, X -
where I, = [n — A, + 1,n] for n = 1,2,---. A sequence (xj) is said to (V,1) —summable to a number L if
t,(x) » Lasn — . If (4,) = n, then (V, 1) —summability is reduced to Cesaro summability. By A we denote
the class of all non-decreasing sequence of positive real numbers tending to co such that 1,,; <1, +1, 4; =

1. A —convergence was studied by Mursaleen (Mursaleen, 2000), Sengiil et. al. (Sengiil, 2019, 2018), Basarir et.
al. (Basarir, 2019) and some investigations concerning this concept refer to (Aral, 2022) and (Cakalli, 2019).

Statistical convergence of order a is more general than statistical convergence for sequences. This has
motivated us to study the strongly 4 —convergence of order a in NNS. In this paper, we introduce the concept
of strongly A —convergence of order @ in NNS by using the A —summable and we obtain some inclusion

results.

I1. Main Results
Definition 2.1: Take an NNS V. For 0 < a < 1, a sequence x = (xj) is named to be strongly 1 —convergent to
¢ € F of order a with regards to NN (LC — NN), if for every ¥ > 0 and € € (0,1), there is ny € N such that

: Yker, Y (g —4,9) < e

Y
An

= Vet GO — £,9) > 1 — £ and 3 Ty, B — £,9) < &

for all n >n,. We indicate (G,B,Y){ —limx = ¢. For (1,) =n, we shall write (G,B,Y)* instead of
(G,B,Y)$ and in the special case @ = 1 and (4,) = n, we shall write (G, B,Y) instead of (G, B,Y)Y.

Theorem 2.2: Let V be an NNS. If x is strongly A —convergent of order a with regards to NN, then
(G,B,Y)q —limx = £ is unique.

Proof: Suppose that (G,B,Y){ —limx =+¢;, (G,B,Y)]—limx =4¢, and ¢, #¢,. Given & > 0, select
p € (0,1)suchthat (1 —p)*(1—p) >1—¢candp O p < &. Foreach9 > 0, there is n; € N such that

1 1 1
EZkelnG(xk —£1,9)>1—p and TZkEInB(xk —£,9) < paEZkEIn Y(xp —41,9) <p

for all n > n,. Also, there is n, € N such that
1 1 1
EZkelnG(xk —45,9)>1—p and T%ZkelnB(xk —£,,9) <p, EZREITL Y(xx — €2,9) <p

for all n > n,. Assume that n, = max{n,,n,}. Then for n = n,, we can find a positive integer m € N such

that
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G, —2,9)> G (xm —fl,g) %G (xm —fz,g) SA-p)*(1-p)>1—¢
B(£y —£2,9) < B (% —£,2) 0B (xm — £, 2) <p0p<e
and
V(by = 5,0) < Y (2 —£,2) OY (2 — £, %) <pOp<e
Since € > 0 is arbitrary, we get G(£; —£5,9) =1,B(#; — £5,9) =0 and Y(#; — £,,9) = 0 for all
9 > 0, which gives that £, = £,.
Now, we give an example to denote the sequence strongly A —convergence of order @ in an NNS.

Example 2.3: Let (F,||.||) be an NNS. For all u,v,a € [0,1], define u * v = uv and u ¢ v=min{u + v; 1}. For

(B3

and Y(x,9) = -5 Then V is an NNS.

all x € F and every 9 > 0, we take G(x,9) = ﬁ , B(x,9) = 19|J|:|C|!c||

We define a sequence (x;) by

x z{l, if k=1t*(t €N)
k 0, otherwise’

Consider
A={kel,:G(x,9)>1—cand B(x,9) < &Y(x,9) < &}.
Then, for any 9 > 0 and € € (0,1), the following set

X X
A={k€ln 1—¢eand | < I k”<s}

> <,
9+ lx|l 0+ llxell g

¢
= {le € e lxll < = and x| < e}

clkel,;|lxl =1} = {k € L: k = t2}

1.e.,

A, (,9) ={n€eN: %Z G(xy,9)>1—¢€ and Al"‘z B(x,9) < s,%z Y(x,9) < ¢
T T T
will be a finite set.
Theorem 2.4: 1f (G, B,Y)j — limx = £, then there is a subsequence (x,, ) of x such that (G, B,Y)7 — limx,, =
L.
Proof: Take (G, B,Y)§ —limx = #. Then, for every 9 > 0 and ¢ € (0,1), there is ny € N such that

= Yer, G — £,9) > 1 — £ and 3 Yy, BCre — £,9) < &7z Der, Y O — £,0) < &
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for all n > n,,. Obviously, for each n > n,, we choose p;, € I,, such that

1
6 (s, = €.9) > 32 > Gl —£,8) >1—¢

" kel,
B(x, —£9) <= Z Bx, — £,9) <&
™ kel
1
Y(x,, —£9) < EZ"E’n Y(xp —£,9) < €.
It follows that (G, B,Y)} —limx, ={.
Theorem 2.5: Let 0 < @ < 1. Then (G,B,Y)* c (G,B,Y)Y.
Proof: Take (G,B,Y)* — limx = £. We can write

n—21An
/1“; Glxp — £,9) _Aaz Gl —£0) 5 Z Glx — £,9)
n—An
¢ — 1) 1
= (n) <(n)a20( X — M)) (n = ) TEYRT > Gl -9
n n)” £
n n—21n
af 1 a 1
) B )|
" k=1 " k=1

From here, %ZkelnB(xk —£,9) < £ and %Zkeln Y(x, —£,9) < ¢ are obtained. Thus, (G,B,Y)§ —limx =

?.
Theorem 2.6: Let A = (4,,), u = (4,) € A such that 1, < pu, for all n €N, a and S be fixed real numbers
suchthat 0 < a < B <1.If

(ﬂn) . Un
f(/1 v > 0 and llmn_,oom =1 (1)

lim,,_,, in
holds and A  F is neutrosophic-bounded (NB) in NNS V, then (G, B,Y)§ < (G, B, V)" .
Proof: Let x € (G,B,Y)4 and assume that (1) holds. Since A C F is neutrosophic-bounded (NB) in NNSV,
then there exists some ¥ > 0 such that

= Yk, GOt —£,9) > 1— £ and = Yeer, BCti — £,9) < &, 5z Ter, Y (i — £,9) < & for each (x, — £) €

9 ﬂ.a
A. Now, since 4,, < u,, for all n € N, we may write

Aaz G, —£,9) —,wz G, — £,9)

kEl, kEJy
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_ ) 1 _
= G G 2 OO

for all n € N. Therefore, we obtain

1 1 1
_(,u )P Z B(x, — £,9) = )P Z B(xk—{’,19)+(u ) Z B(xy — £,9)

k€Jp k€Jpn—1In kel

-1 1
< Gyr L B = 49)

kel

Hn_(/ln)ﬁ 1 _
<E G G 2, B )

kEly,

< ((/ﬁ#— 1)5+ (Ai)a;B(xk —2,9)

for every n € N. Therefore ﬁEkEJn G(x, —¢,9)>1—¢€and ﬁzkan B(x; — £,9) < €. It can be shown

to be ﬁZkE]n Y (x; — £,9) < € by similar operations. (G, B,Y){ c (G, B, Y)f: is obtained as the result.

Thus in the light of Theorem 2.6, we have the following result:

Corollary 2.7: Let 1 = (4,,), u = (u,,) € Asuch that 4, < p, forall n € N. If (1) holds and NB then,
(i) (G,B,Y);c(GBY), for0<a<1,
(i) (G,B,Y),c(G,B,)Y),.

Definition 2.8: Take an NNS V. A sequence x = (x;) is named to be strongly A —Cauchy of order a with
regards to NN N (LCa — NN), if for every € € (0,1) and 9 > 0, there are ny, p € N is satisfying

%Zke,nG(xk - xp,ﬁ) >1—¢ and %ZRE,nB(xk - xp,ﬁ) <eg, %Zke,n Y(x, — xp,ﬁ) <e¢

forall n = n,.

Theorem 2.9: 1f a sequence x = (x;) in NN S is strongly A —convergent of order @ with regards to NN N, then
it is strongly Cauchy of order a with regards to NN N.

Proof: Let (G,B,Y)§ —limx = #. Select € > 0. Then, for a given p € (0,1), (1 —p)*(1—p) >1—¢candp

O p < e. Then, we have

9

%Eka" G (xk B {)’g) >1-p and %EREITLB (xk - {’E) <p, éZkelnY (xk - {);;) <p.

We have to show that

1 1 1
EZkelnG(xk — Xy, ¥9) >1—€and EZREInB(xk — X, 9) <&, EZREITL Y(xp — xp, 9) < e
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We have three possible cases

Case (i) we get for 9 > 0

G(xk—xm,z?)2G(xk—{’,g)*G(xm—{’,g)>(1—p)*(1—p)>1—8.

Case (i1) we obtain

B(x, — x;,,9) < B (xk — {’,g) OB (xm — {’,g)<p O p<e.
Case (iii) we have

Y, —x,9) <Y (xk — {’,g) 0 Y(xm — €,§)<p O p<e.

This shows that (x) is strongly Cauchy of order a with regards to NN N.

I1I. Conclusion and Recommendations

In this paper, we define strongly A —convergence of order a of sequences with in NNS. Some
fundamental theorems and example are given. The notation of strongly 4 —Cauchy of order a for sequences in
NNS is examined and relations between this new concepts is established.

The results of the paper are expected to be a source for sequences and applications in NNS. In future

studies on this topic, it is also possible A — ideal convergence in NNS.
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