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Abstract: In this paper, we discuss the uniqueness and existence of solution for a 

quadratic mixed integral equation (QMIE) on 2 + 1 dimensional in 𝐿!([0, 𝑎] ×

[0, 𝑏] × 𝐶[0, 𝑇]).Where, (𝑇 < 1) space using fixed point theorem. Further we 

demonstrate convergence of the given existence result. Also we discuss the theoretical 

part of the Chybeshev polynomial method extending in 2 + 1 dimensional format and 

finally discuss the error analysis of the method. 
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1. Introduction 

The Volterra-Fredholm integral equations comes from problems of parabolic boundary value, mathematical 

modeling based on the spatio-temporal development of an epidemic, from a variety of physical and biological 

models. Applications of Volterra-Fredholm integral equations typically occur in fields related to physics, fluid 

dynamics, electrodynamics and biology. Detailed of Mixed Volterra Fredholm integral equation will be found 

in (Wazwaz, 2011). Numerous publications have recently been published that focus on understanding these 

equations and their properties. Many researchers have shown immense interests on this issue and many 

generalizations of the same have been given by a lot of researchers.Some researchers investigated of mixed 

integrral equation by taking properties of kernal. Some of these research papers which will help us in this 

discussion are (Albugami et al., 2024; Alharbi, 2024; Mahdy et al. 2024; Noeiaghdam, 2021). Lately, a few 

researchers started investigating that how time function affect the solution of integral equation (Abusalim, 2023; 
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Al Hazmi, 2023; Al Hazmi et al., 2023; Jan, 2002a; Jan, 2002b; Mahdy et al., 2024; Mahdy et al., 2023; Matoog et 

al., 2023). 

In this paper, we consider QMIE with singular kernel in 2 + 1 dimension. Here, the position kernel can 

take form as Hilbert kernel, Carleman kernel form, Cauchy kernel form or logarithm form. 

Consider in the space 𝐿!([0, 𝑎] × [0, 𝑏]) × 𝐶[0, 𝑇], (𝑇 < 1) the (2 + 1) dimensional with singular kernel 

𝜉(𝑢" , 𝑢#)𝜑(𝑢" , 𝑢#; 𝑡) =ℱ(𝑢" , 𝑢#; 𝑡)

	+Γ:𝑢" , 𝑢#;<  
$

%
 <  

&

%
 <  

'

%
 𝑔(𝑡, 𝜏)𝜅(𝜔(𝑢) − 𝜔(𝑣))𝜑(𝑣" , 𝑣#; 𝜏)𝑑𝑣"𝑑𝑣#𝑑𝜏,

(1) 

where 𝑢 = (𝑢" , 𝑢#) and 𝑣 = (𝑣" , 𝑣#) are 2 dimensional spatial variables. In equation (1) ℱ(𝑢" , 𝑢#; 𝑡) is a 

known continuous function that explain the type of QMIE indicated by the symbol 𝜉(𝑢" , 𝑢#).Γ(𝑢" , 𝑢#) is a 

function which has various physical interpretations in the field of genetic engineering and many other. 𝑔(𝑡, 𝜏) is 

a time kernel and 𝜅(𝜔(𝑢) − 𝜔(𝑣)) is a position kernel. Here we take the singular position kernel. And the 

function 𝜑(𝑢" , 𝑢#; 𝑡) is unknown function. 

 

2. Existence of unique solution 

For verifying existence and uniqueness of the equation (1), we will use Banach fixed point theorem. If we 

represent our equation (1) into an integral operator, then we get 

𝑆𝜑(𝑢" , 𝑢#; 𝑡) =
ℱ(𝑢" , 𝑢#; 𝑡)
𝜉(𝑢" , 𝑢#)

+
Γ(𝑢" , 𝑢#)
𝜉(𝑢" , 𝑢#)

𝑆𝜑(𝑢" , 𝑢#; 𝑡), (𝜉(𝑢" , 𝑢#) ≠ 0, Γ(𝑢" , 𝑢#) ≠ 0), (2) 

𝑆𝜑(𝑢" , 𝑢#; 𝑡) = <  
$

%
 <  

&

%
 <  

'

%
 𝑔(𝑡, 𝜏)𝜅(𝜔(𝑢) − 𝜔(𝑣))𝜑(𝑣" , 𝑣#; 𝜏)𝑑𝑣"𝑑𝑣#𝑑𝜏. (3) 

Now, assume the following conditions: 

(i). The position kernel 𝜅(𝜔(𝑢) 	− 	𝜔(𝑣)) fulfilled the condition of discontinuity 

I< < < < J𝜅:𝜔(𝑢) − 	𝜔(𝑣);J!𝑑𝑢"𝑑𝑢#𝑑𝑣"𝑑𝑣#
'

%

&

%

'

%

&

%
K
(/!

= 𝒞. 

(ii). The time kernel fulfill |𝑔(𝑡, 𝜏	)| 	≤ 	𝑀, ∀𝑡	 ∈ 	 [0, 𝑇], 𝑡	 < 	1, where 𝑔(𝑡, 𝜏	) 	 ∈ 	𝐶([0, 𝑇] 	× 	 [0, 𝑇]); while 

J𝜉:𝑢" , 𝑢#;J ≤ 	𝑤, J𝛤:𝑢" , 𝑢#;J ≤ 	𝛤. 
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(iii). The norm of function 𝐹(𝑢" , 𝑢#; 𝑡) is in the space 𝐿!([0, 𝑎] × [0, 𝑏]) × 𝐶[0, 𝑇], (𝑇	 < 	1) and fulfills 

U𝐹:𝑢" , 𝑢#; 𝑡;U*"([%,&]×[%,'])×1[%,2] = max
%3$324(

< I< < Y𝐹:𝑢" , 𝑢#; 𝜏	;Z
!
𝑑𝑢"𝑑𝑢#

'

%

&

%
K
(/!

𝑑𝜏 = 𝒢.
$

%
 

(iv). The unknown function 𝜑(𝑢" , 𝑢#; 𝑡), the norm is U𝜑(𝑢" , 𝑢#; 𝑡)U = 𝒬. 

In the conditions (i)-(iv), 𝒞,ℳ,𝑤, Γ, 𝒢 and 𝒬 are positive constants. 

Theorem 2.1. By the above assumptions, the QMIE (1.1) has a unique solution if 

𝛤ℳ𝒞𝑇 < 𝑤. 

To	show	the	existence	and	uniqueness	of	the	solution	of	equation (1) we must determine the following two 

lemmas: 

Lemma 2.2. Under the assumptions (i)-(iv), the operator 𝑆, is a itself map on the space 𝐿!([0, 𝑎] 	× 	 [0, 𝑏]) 	×

	𝐶[0, 𝑇], 𝑇	 < 	1. 

Proof. Using the assumptions (i) and (iii), we have 

||𝑆𝜑(𝑢" , 𝑢#; 𝑡)||	= ||
ℱ(𝑢" , 𝑢#; 𝑡)
𝜉(𝑢" , 𝑢#)

+
Γ(𝑢" , 𝑢#)
𝜉(𝑢" , 𝑢#)

𝑆𝜑(𝑢" , 𝑢#; 𝑡)||

	≤
𝒢

|𝜉(𝑢" , 𝑢#)|

	+
|Γ(𝑢" , 𝑢#)|
|𝜉(𝑢" , 𝑢#)|

||<  
$

%
 <  

&

%
 <  

'

%
 𝑔(𝑡, 𝜏)𝜅(𝜔(𝑢) − 𝜔(𝑣))𝜑(𝑣" , 𝑣#; 𝜏)𝑑𝑣"𝑑𝑣#𝑑𝜏||

	≤
𝒢
𝑤 +

Γ
𝑤ℳ[||<  

&

%
 <  

'

%
 <  

&

%
 <  

'

%
  |𝜅(𝜔(𝑢) − 𝜔(𝑣))|!𝑑𝑢"𝑑𝑢#𝑑𝑣"𝑑𝑣#||](/!

	× ||𝑚𝑎𝑥%3$32<  
$

%
  {<  

&

%
 <  

'

%
  {𝜑(𝑣" , 𝑣#; 𝜏)}!𝑑𝑣"𝑑𝑣#}(/!𝑑𝜏

	≤
𝒢
𝑤 +

Γ
𝑤ℳ𝒞𝑇||𝜑(𝑢" , 𝑢#; 𝑡)||

	≤
𝒢
𝑤 + 𝜎 rJ𝜑:𝑢" , 𝑢#; 𝑡;Jr , (σ =

Γ
𝑤ℳ𝒞𝑇)

(4) 

The inequality (4) shows that, the operator 𝑆 maps the ball into itself 
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𝜚 =
𝒢

[𝑤 − Γℳ𝒞𝑇]
. 

Since 𝜚 > 0, 𝒢 > 0, therefore we get 𝜎 < 1. Then, we have 

||𝑆𝜑(𝑢" , 𝑢#; 𝑡)|| = ||𝑆||||𝜑(𝑢" , 𝑢#; 𝑡)|| ≤ 𝜎||𝜑(𝑢" , 𝑢#; 𝑡)||. 

Lemma 2.3. If we consider the assumptions (i), (ii) and (iv) then the integral operator 𝑆 is continuous in the 

space 𝐿!([0, 𝑎] 	× 	 [0, 𝑏]) 	× 	𝐶[0, 𝑇]. 

Proof. Consider two functions 𝜑((𝑢" , 𝑢#; 𝑡) and 𝜑!(𝑢" , 𝑢#; 𝑡) in the space 𝐿!([0, 𝑎] × [0, 𝑏]) × 𝐶[0, 𝑇], then 

we have 

	||𝑆𝜑((𝑢" , 𝑢#; 𝑡) − 𝑆𝜑!(𝑢" , 𝑢#; 𝑡)||

≤
|Γ(𝑢" , 𝑢#)|
|𝜉(𝑢" , 𝑢#)|

||<  
$

%
 <  

&

%
 <  

'

%
  |𝑔(𝑡, 𝜏)||𝜅(𝜔(𝑢) − 𝜔(𝑣))||𝜑((𝑣" , 𝑣#; 𝜏) − 𝜑!(𝑣" , 𝑣#; 𝜏)|𝑑𝑣"𝑑𝑣#𝑑𝜏||.

 

Taking the assumptions (ii) and (iv), we have 

	||𝑆𝜑((𝑢" , 𝑢#; 𝑡) − 𝑆𝜑!(𝑢" , 𝑢#; 𝑡)||

≤
Γ
𝑤𝑀||<  

$

%
 <  

&

%
 <  

'

%
  |𝜅(𝜔(𝑢) − 𝜔(𝑣))||𝜑((𝑣" , 𝑣#; 𝜏) − 𝜑!(𝑣" , 𝑣#; 𝜏)|𝑑𝑣"𝑑𝑣#𝑑𝜏||.

 

Applying Hölder’s inequality to the integral term, and then using (i), we finally obtain 

U𝑆̅𝜑(:𝑢" , 𝑢#; 𝑡; − 𝑆̅𝜑!:𝑢" , 𝑢#; 𝑡;U ≤ 𝜎||𝜑((𝑣" , 𝑣#; 	𝜏	) 	− 	𝜑!(𝑣" , 𝑣#; 𝜏	)||. 

With this inequality, we can see that the operator 𝑆 is continuous in 𝐿!([0, 𝑎] × [0, 𝑏]) × 	𝐶[0, 𝑇] and then 𝑆 is a 

contraction operator under 𝜎 < 1. Thus, by Banach’s fixed point theorem, the map 𝑆 itself is a unique solution 

of the equation (2). 

3. The convergence of solution 

In order to clarify why the solution is converged to 𝜑(𝑢" , 𝑢# , 𝑦) we construct the family of solution 

sequence as 

𝜑(𝑢" , 𝑢#; 𝑡) = {𝜑%(𝑢" , 𝑢#; 𝑡), 𝜑((𝑢" , 𝑢#; 𝑡), . . . , 𝜑56((𝑢" , 𝑢#; 𝑡), 𝜑5(𝑢" , 𝑢#; 𝑡), . . . } 
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which simply can denote as 𝜑(𝑢" , 𝑢#; 𝑡) = {𝜑5(𝑢" , 𝑢#; 𝑡)}57%8 . Then, we pick two different functions 

𝜑56((𝑢" , 𝑢#; 𝑡), 𝜑5(𝑢" , 𝑢#; 𝑡), to construct the sequence of integral equations as below: 

𝜉(𝑢" , 𝑢#)𝜑5(𝑢" , 𝑢#; 𝑡) =ℱ(𝑢" , 𝑢#; 𝑡)

	+Γ(𝑢" , 𝑢#)<  
$

%
 <  

&

%
 <  

'

%
 𝑔(𝑡, 𝜏)𝜅(𝜔(𝑢) − 𝜔(𝑣))𝜑56((𝑣" , 𝑣#; 𝜏)𝑑𝑣"𝑑𝑣#𝑑𝜏

 

and 

𝜉(𝑢" , 𝑢#)𝜑56((𝑢" , 𝑢#; 𝑡) =ℱ(𝑢" , 𝑢#; 𝑡)

	+Γ(𝑢" , 𝑢#)<  
$

%
 <  

&

%
 <  

'

%
 𝑔(𝑡, 𝜏)𝜅(𝜔(𝑢) − 𝜔(𝑣))𝜑56!(𝑣" , 𝑣#; 𝜏)𝑑𝑣"𝑑𝑣#𝑑𝜏.

 

Considering the above mentioned integral we deduce that 

𝜉(𝑢" , 𝑢#)Ψ5(𝑢" , 𝑢#; 𝑡) = Γ(𝑢" , 𝑢#)<  
$

%
<  
&

%
<  
'

%
𝑔(𝑡, 𝜏)𝜅(𝜔(𝑢) − 𝜔(𝑣))Ψ56((𝑣" , 𝑣#; 𝜏)𝑑𝑣"𝑑𝑣#𝑑𝜏, 

where 

Ψ5(𝑢" , 𝑢#; 𝑡) = 𝜑5(𝑢" , 𝑢#; 𝑡) − 𝜑56((𝑢" , 𝑢#; 𝑡); Ψ%(𝑢" , 𝑢#; 𝑡) =
ℱ(𝑢" , 𝑢#; 𝑡)
𝜉(𝑢" , 𝑢#)

, 𝜉(𝑢" , 𝑢# ≠ 0). (5) 

Next we deduce easily 

𝜑5(𝑢" , 𝑢#; 𝑡) = ∑  5
97%  Ψ9(𝑢" , 𝑢#; 𝑡); 𝑛 = 1,2,3, . . . (6) 

Using (5) we have 

||Ψ5(𝑢" , 𝑢#; 𝑡)||	≤
|Γ(𝑢" , 𝑢#)|
|𝜉(𝑢" , 𝑢#)|

~<  
$

%
 <  

&

%
 <  

'

%
 𝑔(𝑡, 𝜏)𝜅(𝜔(𝑢) − 𝜔(𝑣))Ψ56((𝑣" , 𝑣#; 𝜏)𝑑𝑣"𝑑𝑣#𝑑𝜏~

	≤
Γ
𝑤ℳI~<  

&

%
 <  

'

%
 <  

&

%
 <  

'

%
  |𝜅(𝜔(𝑢) − 𝜔(𝑣))|!𝑑𝑢"𝑑𝑢#𝑑𝑣"𝑑𝑣#~K

(/!

	× ||𝑚𝑎𝑥%3$32�  I<  
&

%
 <  

'

%
  {𝜑(𝑣" , 𝑣#; 𝜏)}!𝑑𝑣"𝑑𝑣#K

(/!$

%

 𝑑𝜏

	≤
Γ
𝑤ℳ𝒞𝑇||Ψ56((𝑢" , 𝑢#; 𝑡)||.

 

Using the condition (i) and (ii) and mathematical induction method, we obtain 

||Ψ5(𝑢" , 𝑢#; 𝑡)||*"([%,&]×[%,'])×1[%,2] ≤ 𝜎5||Ψ56((𝑢" , 𝑢#; 𝑡)||; 

 𝜎 = ℳ𝒞<
=
. We can say that this bound makes the sequence Ψ5(𝑢" , 𝑢#; 𝑡) converge, and hence the sequence 

{𝜑5(𝑢" , 𝑢#; 𝑡)} converges. Hence the infinite series  
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𝜑(𝑢" , 𝑢#; 𝑡) = �  
8

97%

Ψ9(𝑢" , 𝑢#; 𝑡), 

𝑡 ∈ [0, 𝑇] is uniformly convergent since the terms Ψ9(𝑢" , 𝑢#; 𝑡) are dominated by 𝜎5. 

4. The System of Fredholm integral equation 

Using quadrature method (Atkinson, 1997), the solution of equation (1) is converted to system of 

Fredholm integral equations. Here we devide the time [0, 𝑇], 0 ≤ 𝑡 ≤ 𝑇 = 1 as 0 = 𝑡% < 𝑡( <. . . < 𝑡> <. . . <

𝑡? = 𝑇, where 𝑡 = 𝑡> , 𝑙 = 0,1, . . . , 𝑁, such that the equation (1) will take the form as: 

𝜉(𝑢" , 𝑢#)𝜑(𝑢" , 𝑢#; 𝑡>) =ℱ(𝑢" , 𝑢#; 𝑡>)

	+Γ(𝑢" , 𝑢#)<  
$#

%
 <  

&

%
 <  

'

%
 𝑔(𝑡> , 𝜏)𝜅(𝜔(𝑢) − 𝜔(𝑣))𝜑(𝑣" , 𝑣#; 𝜏)𝑑𝑣"𝑑𝑣#𝑑𝜏.

(7) 

The term of the Volterra integral as follows: 

	<  
$#

%
 <  

&

%
 <  

'

%
 𝑔(𝑡> , 𝜏)𝜅(𝜔(𝑢) − 𝜔(𝑣))𝜑(𝑣" , 𝑣#; 𝜏)𝑑𝑣"𝑑𝑣#𝑑𝜏

	=�  
>

@7%

 𝑎@𝑔(𝑡> , 𝑡@)<  
&

%
 <  

'

%
 𝜅(𝜔(𝑢) − 𝜔(𝑣))𝜑(𝑣" , 𝑣#)𝑑𝑣"𝑑𝑣# + 𝑂(ℎ>

AB(),
(8) 

where ℎ>→
	
0 as 𝑝 > 0. Define ℎ@ = 𝑡@B( − 𝑡@ and ℎ = max%3@3>  ℎ@ .  

 

The value of 𝑝 and 𝑢@; depend upon the number of derivatives 𝑔(𝑡, 𝜏) with respect to time 𝑡. Now neglecting 

𝑂(ℎ>
AB() and using value of (8) in (7) we have 

𝜉(𝑢" , 𝑢#)𝜑(𝑢" , 𝑢#; 𝑡>) =ℱ(𝑢" , 𝑢#; 𝑡>)

	+Γ(𝑢" , 𝑢#)�  
>

@7%

 𝑎@𝑔(𝑡> , 𝑡@)<  
&

%
 <  

'

%
 𝜅(𝜔(𝑢) − 𝜔(𝑣))𝜑(𝑣" , 𝑣#)𝑑𝑣"𝑑𝑣# .

(9) 

Using the notations as 𝜑(𝑢" , 𝑢#; 𝑡>) = 𝜑>(𝑢" , 𝑢#), ℱ(𝑢" , 𝑢#; 𝑡>) = ℱ>(𝑢" , 𝑢#), 𝑔(𝑡> , 𝑡@) = 𝑔>,@ . 

Then rewriting the equation we have the following form 

𝜉(𝑢" , 𝑢#)𝜑>(𝑢" , 𝑢#) = ℱ>(𝑢" , 𝑢#) + Γ(𝑢" , 𝑢#)�  
>

@7%

 𝑎@𝑔>,@ <  
&

%
 <  

'

%
 𝜅(𝜔(𝑢) − 𝜔(𝑣))𝜑@(𝑣" , 𝑣#)𝑑𝑣"𝑑𝑣# . (10) 
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5. Chebyshev Polynomials 

In this part, we use the Chebysev polynomial technique (Abdel-Aty, 2022) to find the solution of the 

integral system (10). Here, we use the extended version of Chebyshev polynomials in 2 + 1 dimensional system 

to solve the algebraic integral system (10), which give rise to consider replacing the given 𝜅(𝜔(𝑢) − 𝜔(𝑣)) 

equivalently with a kernel 𝜅5(𝜔(𝑢) − 𝜔(𝑣)) that should fulfill the condition 

I<  
&

%
 <  

'

%
 <  

&

%
 <  

'

%
  |𝜅(𝜔(𝑢) − 𝜔(𝑣)) − 𝜅5(𝜔(𝑢) − 𝜔(𝑣))|!𝑑𝑢"𝑑𝑢#𝑑𝑣"𝑑𝑣#K

(/!

→
	
0; 𝑛→

	
∞. (11) 

Then, (10) can be expressed in the following mentioned form of an algebraic system 

𝜉(𝑢" , 𝑢#)𝜑>5(𝑢" , 𝑢#)

= ℱ>:𝑢" , 𝑢#; + Γ:𝑢" , 𝑢#;�𝑎@𝑔>,@< < 𝜅5:𝜔(𝑢) − 𝜔(𝑣);
'

%
𝜑@5:𝑣" , 𝑣#;𝑑𝑣"𝑑𝑣#

&

%

>

@7%

+ℛ5.								(12) 

As a result, the estimated error can be estimated using the following equation: 

ℛ5 = |𝜑>(𝑢" , 𝑢#) − 𝜑>5(𝑢" , 𝑢#)|→
	
0; 𝑛→

	
∞. (13) 

By writing the kernel of (12) in the following form for using the spectral relationships: 

𝜅5(𝜔(𝑢" , 𝑢#) − 𝜔(𝑣" , 𝑣#)) =�  
D

E7%

 �  
5

F7%

 𝑇E(
2𝑢"
𝑎 − 1)𝑇F(

2𝑢#
𝑏 − 1)𝑇E(

2𝑣"
𝑎 − 1)𝑇F(

2𝑣#
𝑏 − 1), (14) 

where 𝑇9(
!G
&
− 1) is considered as the Chebyshev polynomial of the first kind and degree 𝑖. Now using (14) in 

(12), we have 

𝜉(𝑢" , 𝑢#)𝜑>5(𝑢" , 𝑢#) = ℱ>(𝑢" , 𝑢#) +Γ(𝑢" , 𝑢#)�  
>

@7%

 �  
D

E7%

 �  
5

F7%

 𝑎@𝑔>,@𝑇E(
2𝑢"
𝑎 − 1)𝑇F(

2𝑢#
𝑏 − 1)

	<  
&

%
 <  

'

%
 𝑇E(

2𝑣"
𝑎 − 1)𝑇F(

2𝑣#
𝑏 − 1)𝜑@5(𝑣" , 𝑣#)𝑑𝑣"𝑑𝑣# +ℛ5.

(15) 

The algebraic integral system (15) may be solved numerically. If we put the 𝑙 = 0 in the system (15), then we 

get the value of 𝜑%5(𝑢) as 
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𝜑%5(𝑢" , 𝑢#) =
ℱ%(𝑢" , 𝑢#)
𝜉(𝑢" , 𝑢#)

+
Γ(𝑢" , 𝑢#)
𝜉(𝑢" , 𝑢#)

�  
D

E7%

 �  
5

F7%

 𝑎%𝑔%,%𝑇E(
2𝑢"
𝑎 − 1)𝑇F(

2𝑢#
𝑏 − 1)

	<  
&

%
 <  

'

%
 𝑇E(

2𝑣"
𝑎
− 1)𝑇F(

2𝑣#
𝑏
− 1)𝜑%5(𝑣" , 𝑣#)𝑑𝑣"𝑑𝑣# +ℛ5.

(16) 

Now, in the original form, i.e., the equation (15). Here we consider the unknown function 𝜑>5(𝑢" , 𝑢#) as 

𝜑>5(𝑢" , 𝑢#) = 𝐴(𝑢")𝐴(𝑢#)𝐵(𝑢")𝐵(𝑢#); 𝐴(𝑢") = (1 − (
2𝑢"
𝑎 − 1)!)6

$
". (17) 

Here 𝐴(𝑢) is the weight function of 𝑇9(𝑢), and 𝐵(𝑢) is unknown function. Consequently, we have 

𝜑>,𝔭5 (𝑢" , 𝑢#) =�  
𝔭

97%

 Ω9,>
𝑇9(

!G%
&
− 1)𝑇9(

!G&
'
− 1)

�1 − (!G%
&
− 1)!�1 − (!G&

'
− 1)!

. (18) 

Here 𝑇9(𝑢) are the first kind of Chebyshev polynomials, and Ω9,> are constants. Again the function ℱ>(𝑢" , 𝑢#) 

can be approximated as 

ℱ>,A(𝑢" , 𝑢#) =�  
𝔭

97%

 𝔑9,>
𝑇9(

!G%
&
− 1)𝑇9(

!G&
'
− 1)

�1 − (!G%
&
− 1)!�1 − (!G&

'
− 1)!

, (19) 

where the coefficients 𝔑9,>; 𝑖 ≥ 0 representing 

𝔑9,> =

⎩
⎪
⎪
⎨

⎪
⎪
⎧ 4
𝜋!<  

&

%
 <  

'

%
 ℱ>(𝑢" , 𝑢#)

𝑇9(
!G%
&
− 1)𝑇9(

!G&
'
− 1)

�1 − (!G%
&
− 1)!�1 − (!G&

'
− 1)!

𝑑𝑢"𝑑𝑢# , i ≠  0

2
𝜋!

𝑇9(
!G%
&
− 1)𝑇9(

!G&
'
− 1)

�1 − (!G%
&
− 1)!�1 − (!G&

'
− 1)!

; i=0.

 

By usage of equations (18) and (19) in equation (15), we have 
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𝜉(𝑢" , 𝑢#)�  
𝔭

97%

 Ω9,>
𝑇9(

!G%
&
− 1)𝑇9(

!G&
'
− 1)

�1 − (!G%
&
− 1)!�1 − (!G&

'
− 1)!

=	�  
𝔭

97%

 𝔑9,>
𝑇9(

!G%
&
− 1)𝑇9(

!G&
'
− 1)

�1 − (!G%
&
− 1)!�1 − (!G&

'
− 1)!

+Γ(𝑢" , 𝑢#)�  
>

@7%

 �  
D

E7%

 �  
5

F7%

 𝑎@𝑔>,@𝑇E(
2𝑢"
𝑎
− 1)𝑇F(

2𝑢#
𝑏

− 1)

	<  
&

%
 <  

'

%
 𝑇E(

2𝑣"
𝑎
− 1)𝑇F(

2𝑣#
𝑏
− 1)𝜑@5(𝑣" , 𝑣#)𝑑𝑣"𝑑𝑣# +ℛ5,

(20) 

which fulfill the orthogonal relation as mentioned below 

	<  
&

%
 <  

'

%
 
𝑇5(

!G%
&
− 1)𝑇A(

!G&
'
− 1)𝑇I(

!G%
'
− 1)𝑇D(

!G&
'
− 1)

�1 − (!G%
&
− 1)!�1 − (!G&

'
− 1)!

𝑑𝑢"𝑑𝑢#

	=

⎩
⎪⎪
⎨

⎪⎪
⎧

0, 𝑖𝑓 𝑛 ≠ 𝑝 𝑜𝑟 𝑚 ≠ 𝑞
𝜋!

4 , 𝑖𝑓 𝑛 = 𝑝 ≠ 0 𝑎𝑛𝑑 𝑚 = 𝑞 ≠ 0

𝜋!

2 , 𝑖𝑓 𝑛 = 0 𝑎𝑛𝑑 𝑚 = 𝑞 ≠ 0 𝑜𝑟 𝑚 = 0 𝑎𝑛𝑑 𝑛 = 𝑝 ≠ 0

𝜋!, 𝑖𝑓 𝑛 = 𝑚 = 𝑝 = 𝑞 = 0.

 

6. Convergence analysis 

Here, in this part we will proof that the unique numerical solution of the system is exist under some 

predefined assumptions. The theorems and lemmas that mentioned below will help to achieve this aim. 

6.1. The Existence and Unique Numerical Solution 

Lemma 6.1.  The kernel 𝜅5(𝜔(𝑢) − 𝜔(𝑣)) with (15) condition also satisfies the following condition: 

I<  
&

%
<  
'

%
<  
&

%
<  
'

%
|𝜅5(𝜔(𝑢) − 𝜔(𝑣))|!𝑑𝑢"𝑑𝑢#𝑑𝑣"𝑑𝑣#K

(/!

= 𝒞, 

∀𝑛 > 𝑛%, 𝑛% ∈ 𝑁 , 𝒞 is a constant. 

Proof. We use the given cited formula which will lead to proof the lemma 

	<  
&

%
 <  

'

%
 <  

&

%
 <  

'

%
  |𝜅5(𝜔(𝑢) − 𝜔(𝑣))|!𝑑𝑢"𝑑𝑢#𝑑𝑣"𝑑𝑣#

	≤ <  
&

%
 <  

'

%
 <  

&

%
 <  

'

%
  |𝜅5:𝜔(𝑢) − 𝜔(𝑣); − 𝜅:𝜔(𝑢) − 𝜔(𝑣); + 𝜅:𝜔(𝑢) − 𝜔(𝑣);|!𝑑𝑢"𝑑𝑢#𝑑𝑣"𝑑𝑣# .
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Then, we get 

	I<  
&

%
 <  

'

%
 <  

&

%
 <  

'

%
  |𝜅5(𝜔(𝑢) − 𝜔(𝑣))|!𝑑𝑢"𝑑𝑢#𝑑𝑣"𝑑𝑣#K

(/!

	≤ I<  
&

%
 <  

'

%
 <  

&

%
 <  

'

%
  :J𝜅:𝜔(𝑢) − 𝜔(𝑣); − 𝜅5:𝜔(𝑢) − 𝜔(𝑣);J + J𝜅:𝜔(𝑢) − 𝜔(𝑣);J;

!
𝑑𝑢"𝑑𝑢#𝑑𝑣"𝑑𝑣#K

(/! 

and applying condition (11), we get 

∀𝛼 > 0, there exists 𝑛% ∈ 𝑁 

I<  
&

%
<  
'

%
<  
&

%
<  
'

%
|𝜅(𝜔(𝑢) − 𝜔(𝑣)) − 𝜅5(𝜔(𝑢) − 𝜔(𝑣))|!𝑑𝑢"𝑑𝑢#𝑑𝑣"𝑑𝑣#K

(/!

< 𝛼, 

∀𝑛 > 𝑛%. 

Using Minkowski's inequality and assumption (i), we obtain 

∀𝛼 > 0, there exists 𝑛% ∈ 𝑁  

I<  
&

%
<  
'

%
<  
&

%
<  
'

%
|𝜅5(𝜔(𝑢) − 𝜔(𝑣))|!𝑑𝑢"𝑑𝑢#𝑑𝑣"𝑑𝑣#K

(/!

= 𝒞; 

∀𝑛 > 𝑛%, 𝑛% ∈ 𝑁. 

Theorem 6.2.   Consider the Lemma 6.1 and the assumptions of the Theorem 2.1 are satisfied; then the 

sequence of operators 𝑆5 defined 

𝑆5𝜑(𝑢" , 𝑢#; 𝑡) =
ℱ(G%,G&;$)
L(G%,G&)

+ <(G%,G&)
L(G%,G&)

𝑆5𝜑(𝑢" , 𝑢#; 𝑡), (𝜉(𝑢" , 𝑢#) ≠ 0, Γ(𝑢" , 𝑢#) ≠ 0),  

where 

𝑆5𝜑(𝑢" , 𝑢#; 𝑡) = ∫  $%  ∫  &%  ∫  '%  𝑔(𝑡, 𝜏)𝜅5(𝑤(𝑢) − 𝑤(𝑣))𝜑(𝑣" , 𝑣#; 𝜏)𝑑𝑣"𝑑𝑣#𝑑𝜏. (21) 

Then, there exists a unique solution if 

Γℳ𝒞𝑇 < 𝑤.  

To show the existence of unique solution of (21), we have to consider two lemmas, which are as follows 

Lemma 6.3. Under the assumptions (i)-(iv) of the Theorem 2.1, and in the space 𝐿!([0, 𝑎] 	× 	 [0, 𝑏]) 	×

	𝐶[0, 𝑇], 𝑇	 < 	1, the sequence of operators 𝑆5 maps the space into itself. 
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Proof. Using the assumptions we taken (i) and (iii) and equation (11) and (21), we have 

||𝑆5𝜑(𝑢" , 𝑢#; 𝑡)||	= ~
ℱ(𝑢" , 𝑢#; 𝑡)
𝜉(𝑢" , 𝑢#)

+
Γ(𝑢" , 𝑢#)
𝜉(𝑢" , 𝑢#)

𝑆𝜑(𝑢" , 𝑢#; 𝑡)~

	≤
𝒢

|𝑤(𝑢" , 𝑢#)|

	+
|Γ(𝑢" , 𝑢#)|
|𝜉(𝑢" , 𝑢#)|

~<  
$

%
 <  

&

%
 <  

'

%
 𝑔(𝑡, 𝜏)𝜅5(𝜔(𝑢) − 𝜔(𝑣))𝜑(𝑣" , 𝑣#; 𝜏)𝑑𝑣"𝑑𝑣#𝑑𝜏~

	≤
𝒢
𝑤 +

Γ
𝑤ℳI~<  

&

%
 <  

'

%
 <  

&

%
 <  

'

%
  |𝜅5(𝜔(𝑢) − 𝜔(𝑣))|!𝑑𝑢"𝑑𝑢#𝑑𝑣"𝑑𝑣#~K

(/!

	× 𝑚𝑎𝑥%3$32<  
$

%
 I<  

&

%
 <  

'

%
  {𝜑(𝑣" , 𝑣#; 𝜏)}!𝑑𝑣"𝑑𝑣#K

(/!

𝑑𝜏

	≤
𝒢
𝑤 +

Γ
𝑤ℳ𝒞𝑇||𝜑(𝑢" , 𝑢#; 𝑡)||

	≤
𝒢
𝑤 + 𝜎 rJ𝜑:𝑢" , 𝑢#; 𝑡;Jr , (σ =

Γ
𝑤ℳ𝒞𝑇)

 

The inequality (2.3), the operator 𝑆5 maps the ball into itself  

𝜚 =
𝒢

[𝑤 − Γℳ𝒞𝑇]
. 

Since 𝜚 > 0, 𝒢 > 0, therefore we have 𝜎 < 1. Then, we have  

U𝑆5𝜑:𝑢" , 𝑢#; 𝑡;U = ‖𝑆5‖U𝜑:𝑢" , 𝑢#; 𝑡;U ≤ 𝜎U𝜑:𝑢" , 𝑢#; 𝑡;U. 

 

Lemma 6.4. If assumptions (i), (ii) and (iv) are met, then the integral operator 𝑆5 is continuous in the space 

𝐿!([0, 𝑎] 	× 	 [0, 𝑏]) 	× 	𝐶[0, 𝑇]. 

Proof. Consider two functions 𝜑((𝑢" , 𝑢#; 𝑡) and 𝜑!(𝑢" , 𝑢#; 𝑡) in the space 𝐿!([0, 𝑎] × [0, 𝑏]) × 𝐶[0, 𝑇], then 

we have 

	||𝑆5𝜑((𝑢" , 𝑢#; 𝑡) − 𝑆5𝜑!(𝑢" , 𝑢#; 𝑡)||

	≤
JΓ:𝑢" , 𝑢#;J
J𝜉:𝑢" , 𝑢#;J

~<  
$

%
 <  

&

%
 <  

'

%
  |𝑔(𝑡, 𝜏)|J𝜅5:𝜔(𝑢) − 𝜔(𝑣);JJ𝜑(:𝑣" , 𝑣#; 𝜏; − 𝜑!:𝑣" , 𝑣#; 𝜏;J𝑑𝑣"𝑑𝑣#𝑑𝜏~ .

 

Taking note of assumptions (ii) and (iv), we have 

	||𝑆5𝜑((𝑢" , 𝑢#; 𝑡) − 𝑆5𝜑!(𝑢" , 𝑢#; 𝑡)||

≤
Γ
𝑤
ℳ~<  

$

%
 <  

&

%
 <  

'

%
  |𝜅5(𝜔(𝑢) − 𝜔(𝑣))||𝜑((𝑣" , 𝑣#; 𝜏) − 𝜑!(𝑣" , 𝑣#; 𝜏)|𝑑𝑣"𝑑𝑣#𝑑𝜏~ .
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Applying Hölder inequality to the integral term, and then using (i), we finally obtain 

U𝑆5𝜑((𝑢" , 𝑢#; 𝑡) − 𝑆5𝜑!(𝑢" , 𝑢#; 𝑡)U ≤ 𝜎U𝜑(:𝑣" , 𝑣#; 𝜏; −	𝜑!:𝑣" , 𝑣#; 𝜏;U. 

∀𝑛 > 𝑛%. With this inequality, we can see that the operator 𝑆5 is continuous in 𝐿!([0, 𝑎] × [0, 𝑏]) × 𝐶[0, 𝑇] and 

then 𝑆5 is a contraction operator under 𝜎 < 1. 

6.2. Error Analysis of Numerical Solution 

Consider the approximate solution to satisfy the integral equation 

𝜉(𝑢" , 𝑢#)𝜑>5(𝑢" , 𝑢#) = ℱ>(𝑢" , 𝑢#) + Γ(𝑢" , 𝑢#)�  
>

@7%

 𝑎@𝑔>,@<  
&

%
 <  

'

%
 𝜅5(𝜔(𝑢) − 𝜔(𝑣))𝜑@5(𝑣" , 𝑣#)𝑑𝑣"𝑑𝑣# .  

Then, the error is ℛ5 = [𝜑>(𝑢" , 𝑢#) − 𝜑>5(𝑢" , 𝑢#)]. 

Let us assume the following assumptions in order to discuss the error 

(a) The kernel of position satisfies the discontinuity condition 

I< < < < J𝜅:𝜔(𝑢) − 𝜔(𝑣); − 𝜅5:𝜔(𝑢) − 𝜔(𝑣);J
!𝑑𝑢"𝑑𝑢#𝑑𝑣"𝑑𝑣#

'

%

&

%

'

%

&

%
K
(/!

=	I< < < < J𝜅5B(:𝜔(𝑢) − 𝜔(𝑣);J
!𝑑𝑢"𝑑𝑢#𝑑𝑣"𝑑𝑣#

'

%

&

%

'

%

&

%
K
(/!

≤ 𝒞∗. 

(b) The time kernel fulfils  ∑ 𝑎@!𝑔>,@!5
@7% ≤ℳ∗,  

(c) The unknown function 𝜑(𝑢" , 𝑢#; 𝑡), satisfies the condition:  

max
>
	< < J𝜑>(𝑣" , 𝑣#) 	−	𝜑>5(𝑣" , 𝑣#)J

'

%

&

%
𝑑𝑣"𝑑𝑣# =	max> 	< < J𝜑>5B((𝑣" , 𝑣#)J

'

%

&

%
𝑑𝑣"𝑑𝑣# 	= 𝒬∗. 

Theorem 6.5.  With the above mentioned assumptions (a)-(c) the error of the equation (1) is stable with the 

condition 

||ℛ5|| ≤
Γ
𝑆
ℳ∗(𝒞 + 𝒞∗)𝒬∗. 

Proof. We have the error 
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ℛ5	= [𝜑>(𝑢" , 𝑢#) − 𝜑>5(𝑢" , 𝑢#)]

	=
Γ(𝑢" , 𝑢#)
𝜉(𝑢" , 𝑢#)

�  
>
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%
  [𝜅(𝜔(𝑢) − 𝜔(𝑣))𝜑@(𝑣" , 𝑣#) − 𝜅5(𝜔(𝑢) − 𝜔(𝑣))𝜑@5(𝑣" , 𝑣#)]𝑑𝑣"𝑑𝑣#

	=
Γ(𝑢" , 𝑢#)
𝜉(𝑢" , 𝑢#)

�  
>
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&
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'

%
  [𝜅(𝜔(𝑢) − 𝜔(𝑣))𝜑@(𝑣" , 𝑣#) − 𝜅5(𝜔(𝑢) − 𝜔(𝑣))𝜑@5(𝑣" , 𝑣#)

	+𝜅(𝜔(𝑢) − 𝜔(𝑣))𝜑@5(𝑣" , 𝑣#) − 𝜅5(𝜔(𝑢) − 𝜔(𝑣))𝜑@5(𝑣" , 𝑣#)]𝑑𝑣"𝑑𝑣# .

 

Using the properties of the norms we have 

||ℛ5||	≤
|Γ(𝑢" , 𝑢#)|
|𝜉(𝑢" , 𝑢#)|

[||�  
>

@7%

 𝑎@𝑔>,@<  
&

%
 <  

'

%
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  |𝜅(𝜔(𝑢) − 𝜔(𝑣)) − 𝜅5(𝜔(𝑢) − 𝜔(𝑣))|𝜑@5(𝑣" , 𝑣#)𝑑𝑣"𝑑𝑣#||]

	≤
Γ
𝑤
[�  
>
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%
  |𝜅(𝜔(𝑢) − 𝜔(𝑣))|!𝑑𝑢"𝑑𝑢#𝑑𝑣"𝑑𝑣#||](/!

	× ||𝑚𝑎𝑥><  
&

%
 <  

'

%
  |𝜑>(𝑣" , 𝑣#) − 𝜑>5(𝑣" , 𝑣#)|𝑑𝑣"𝑑𝑣#||}

	+{||<  
&
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'

%
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&
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%
  |𝜅5B((𝑤(𝑢) − 𝑤(𝑣))|!𝑑𝑢"𝑑𝑢#𝑑𝑣"𝑑𝑣#](/!

	× 𝑚𝑎𝑥> <  
&

%
 <  

'

%
  |𝜑>5B((𝑣" , 𝑣#)|𝑑𝑣"𝑑𝑣#}]

	≤
Γ
𝑤ℳ

∗[(𝒞𝒬∗ + 𝒞∗𝒬∗)]

	≤
Γ
𝑤ℳ

∗(𝒞 + 𝒞∗)𝒬∗.

 

 

7. Conclusion 

In our present work, QMIE is discussed with singular kernel in a dimension, where we discussed both 

position and time. We used the quadratic method which convert the QMIE of time and position to a system of 

Fredholm integral equation such a way that it will be easier to discuss numerical method for this type of 

equation. In our future work we can study this kind of equation by taking different kernel in same dimension. 

Another future work of our article that we can discuss by taking singular kernel in integro differential equation. 
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