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I. Introduction and preliminaries

Fast (Fast, 1951) proposed statistical convergence as an expansion of the conventional idea of sequential
limit. Mursaleen and Edely (Mursaleen and Edely, 2003) and Sahiner et al. (Sahiner et al., 2007) recently
presented the idea of statistical convergence for multiple sequences, and several papers on the statistical and
ideal convergence of double and triple sequences have been published in (Demirci and Giirdal, 2022; Esi and
Savas, 2015; Huban and Giirdal, 2021; Huban et al., 2020). The idea is based on the notion of natural density of

subsets of N, the set of all positive integers which is defined as follows: The natural density of a subset A of N
denoted as §(A) is defined by §(4) = limn_,ooil{k < n:k € A}|. Generalizing the concept of statistical

convergence, Kostyrko et al. introduced the idea of 7 -convergence in (Kostyrko et al., 2000). More research in
this area, as well as applications of ideals, may be found in (Basar, 2021; Das et al., 2014; Giirdal, 2004; Giirdal
and Huban, 2014; Giirdal and Sahiner, 2008; Mohiuddine et al., 2017; Nabiev et al., 2007; Pehlivan et al., 2004;
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Pehlivan et al., 2006; Yaying and Hazarika, 2020). In another path, the authors of (Das et al., 2011) presented a

new sort of convergence known as J -statistical convergence.

The mathematical characteristics of triple sequences will be investigated further in this study. Section 2
investigates several issues related to the set of A-statistical cluster points in terms of triple sequences via ideals

in finite dimensional Banach spaces. Natural inclusion theorems will be taught in addition to these definitions.
First, we'll go through some fundamental concepts linked to our findings.

The notion of statistical convergence is based on the asymptotic density of the subsets of the set N of positive
integers. Let K be a subset of the set of natural numbers N. We denote by K,, the number of elements of the set
K which are less or equal to n € N. Also |K,,| denotes the cardinality of the set K,,. The natural (asymptotic)
density of K is defined by

1
5(K) = lim —|K,]|
n—on

whenever the limit exists. It is said that a sequence x = (xy)xey 1S statistically convergent to a point L if for

every € > 0,

6({keN:|x;, — Ll =¢€}) =0.

In this case, we write st — lim x;,, = L and S denotes the set of all statistically convergent sequences.

A number L € R is called a statistical limit point of a sequence x = (x;) if there is a set {k; < k, <
ok, < -} € N, the asymptotic density of which is not zero (i.e., it is greater than zero or does not exist), such
that lim,,_,, x;, = L. Let A, denote the set of statistical limit points of x. L is an ordinary limit point of a
sequence x = (x;) if there is a subsequence of x that converges to L, and L, denotes the set of ordinary limit
points of x. Let X be a finite-dimensional Banach space, let x = (x;,) be an X -valued sequence, and u € X. The
sequence (x;) is norm statistically convergent to u provided that & ({k: ||x; — ull = €}) = 0 for all € > 0 (see
(Connor et al., 2000). Let C be any closed subset of X. Let d(C, u) stand for the distance from a point u to the
closed set C, where d(C, u) = min¢c|lc — u||. We formulate the definition of statistical cluster point and some
of its properties proved in (Fridy, 1993). Let X be a finite-dimensional Banach space, let x = (x;) be an X -

valued sequence. A point L € X is called a statistical cluster point if for every € > 0

lim supn!|{k € N: ||x; — L|| < €}| > 0.
n—oo
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We will denote the set of statistical cluster points of the sequence x by [. It is clear that [, € L, for every
sequence x. For example, we define the sequence x = (x;) by
_ {1, if k is prime,
k=10, otherwise.

Then T, = {0} and L, = {0,1}. So, 6({k:d(Ty, x;) = €}) = 0. Note that if the sequence x. has a bounded

nonthin subsequence, then the set [, is nonempty.

The idea of A-statistical convergence of sequences x = (xj) of real numbers has been studied by
Mursaleen (Mursaleen, 2000). Let A = (1,,) be a nondecreasing sequence of positive numbers tending to

infinity such that 4,,,; <A, + 1,4, =land I, = [n— A, + 1,n]. If

1 1
lim—|{k€l;:|xy— Ll =&} =lim—|{ke(n—A,+1n]:|xx —L| =€} =0
n Ay n A,

for every € > 0, then x is said to be A-statistically convergent to L. In this case, we write x;,, — L(S;) and S
denotes all A-statistically convergent sequences. We can give A-density of a set B S N by §;(B) =

lim,, ﬁ |{k € I,,;: k € B}| whenever the limit exists. The definition of A-density of a set gives natural density in
case 4, = n.

The notion of statistical convergence was further generalized in the paper (Kostyrko et al., 2000) using
the notion of an ideal of subsets of the set N. We say that a non-empty family of sets 7 € P(N) is an ideal on N
if J is hereditary (i.e. Bc A€ J = B €7 ) and additive (i.e. A,B € J implies AUB € J ). Anideal J on N
for which 7 # P(N) is called a non-trivial ideal. A non-trivial ideal 7 is called admissible if 7 contains all finite
subsets of N. If not otherwise stated in the sequel J will denote an admissible ideal. Let 7 € P(N) be any ideal.
Aclass F(7) = {M c N:3A4 € 7: M = N\ A} called the filter associated with the ideal 7, is a filter on N.

Definition 1.1: Let J be an admissible ideal on N and x = (x) be a real sequence. We say that the sequence x
is J-convergent to L € R if for each € > 0, the set A(e) = {n € N: |xx — L| > €} € 7.

Take for J the class Jr of all finite subsets of N. Then Jr is a non-trivial admissible ideal and J¢-

convergence coincides with the usual convergence. For more information about J-convergent, see the study
(Nabiev et al., 2007) and references cited therein.

We also recall that the concept of J-statistically convergent was studied in (Das et al., 2011). A sequence
() is said to be J —statistically convergent to L if for each € > 0 and § > 0.

1
{nEN:EI{kSn:ka—LI > e} 26}67.

In this case, L is called J —statistical limit of the sequence (x;) and we write J — st — lim,_,, x; = L.

12



V. Giirdal and O. Kisi Some properties of J; — A-statistical convergence

We now recall the following basic concepts from (Sahiner et al., 2007; Sahiner and Tripathy, 2008;
Subramanian and Esi, 2018) which will be needed throughout the paper.

A function x: N3 — R (or C) is called a real (or complex) triple sequence. A triple sequence (xjkl ) is
said to be convergent to L in Pringsheim's sense if for every > 0, , there exists ny(¢) € N such that |xjkl —
L| < ¢ whenever j,k,l > ny. A triple sequence (xjkl) is said to be bounded if there exists M > 0 such that

|xjkl| < M for all j, k, 1 € N. We denote the space of all bounded triple sequences by £3,.

Definition 1.2: Let 73 be an admissible ideal on 2V thena triple sequence Xy is said to be J; —convergent to L

in Pringsheim's sense if for every € > 0,

{(i, k, l) € N3: |xjkl - Ll > 8} € :73

In this case, one writes J3 — lim xj;; = L.

Remark 1.3: (i) Let 35(f) be the family of all finite subsets of N3. Then J;(f) convergence coincides with the

convergence of triple sequences in (Sahiner et al., 2007).

(ii) Let 73(8) = {4 c N3:5(4) = 0} . Then J3(8) convergence coincides with the statistical convergence in
(Sahiner et al., 2007).

Example 1.4: Let 7 = J5(6). Define the triple sequence (xjkl) by

(x- ) _ {1, j, k,lare cubes
JEL 75, otherwise.
Then for every € > 0

§({G. k1) € N3: |xq — 4] = €}) < lim VPJavr

par pqr

= 0.
This implies that 7 — lim x;;; = 5. But, the triple sequence (xjkl) is not convergent to 5.

Definition 1.5: (Esi, 2013) Let A= (4,), u = (4;,) and v = (v,) be a three non-decreasing sequences of

positive real numbers tending to oo such that

An+1 S An + 1,11 == 1

Um+1 S hm+Lpu =1
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and
Vor1 <V, +Lvy =1

Let K € N3. The number

613(1{) =P— lim

n,m,0—oo

[jeL,k€nleL, (k1) €K}

n,m,o

is said to the Az-density of K, provided the limit exists, where A, o = AptimV, and I, = [n — A, + 1,n],

Jn=Im-u,+1,mlandL, = [0 —v, + 1,0] for n,m,0 = 1,2, ....

Definition 1.6: (Esi, 2013) A triple sequence x = (xjkl) is said to be triple A;-statistically convergent to L if for

every € > 0,

1

lim
n,m,0—oo

|/ € Lk € Jon, L € Lot |20 — L| 2 £} = 0.

n,m,o

In this case we write S, —limx = £ or xj; — €(S,13). If A4y mo =nmo, for all n,m, o then the notion of

S, —statistically convergent sequence reduces the concept of statistical convergence for triple sequences in

(Sahiner et al., 2007).
Throughout the chapter we consider the ideals of 2N by 7; the ideals of 2N*N by 7, and the ideals of 2N’ by

J3. Throughout this section, let X be a finite-dimensional Banach space.

I1. Main Results
In this section, we give some properties of the set of 73 — A-statistical cluster point use of triple sequences in

finite dimensional Banach spaces. First we define the concept of J; — A-statistically convergence.

Definition 2.1: A real triple sequence x = (xjkl) in X is J; — A-statistically convergent to u € X if for each

e>0,

Iy — limn,m,o%mﬁﬂj € I,k € Jon, L € Ly: |x00 — 1| = €}| = 0,

where Ao = AnimV, and I, =[n—2A,+1,n], J,=[m—-u,+1,m] and L,=[0—v,+1,0] for

n,m,o=1,.2,...

Example 2.2: Let 7; = I5(f) = {4 € N3:5(4) = 0}. Define the triple sequence (xjkl) by

14
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G, kD, forn—yA, +1<j<nm-— .y, +1<k<m,
XjkL = o—Jv,+1<j<o,
3, otherwise.

It is easy to see that, this sequence is J; — A-statistically convergent to 3.

Definition 2.3: For a real triple sequence x = (xjkl) the point u € X is called J; — A-statistical cluster point if

for every € > 0

I3 — lirnsupn,m,o—nx: {] €lnk €yl €Ly |xjkl - Hl < S}l = 0.

1
)Ln,m,o |
By F,Z3 (1) we denote the set of all 7; — A-statistical cluster points of the triple sequence x.

Lemma 2.4: Let x = (xjkl) be a triple sequence in X and F,Z3 (1) # @. Then F,Z3 (A) is a closed set.

Proof: Assume that yy, ., , € F,Z3 (4) and gy m o — p. Then, there exist numbers n’,m’, 0" such that || Unrmror —

,u” < § for a given positive number &€ > 0. Since fy, 1m0 € F,Z3 (1) by Definition 2.3, we have

= 0.

I3 = limsupn,m,o%oo — |{] €Lk € ;L € Ly: |xjkl - :unl,ml,oll < i}

)Ln,m,o 2

which implies

{j € Lk € Jon 1€ Lot %10 = ttusmror] < 5} € € sk € oy L€ Lot 250 — 1] < e}

Hence,

95 — limsup | €k €fml€Lly|xu—nl<el| >0

n,m,0—>o tnm,o

and u € F,Z3 ).

Lemma 2.5: Let x = (xjkl) be a triple sequence in X and F,Z3 (1) be a set of J; — A-statistical cluster points of

the triple sequence x. Let Z be a non-empty compact subset of X. If

1

95 — limsup | € Ik € Jm, 1 € Ly xj0 € Z}| > 0, 2.1

n,m,0—oo An,m,o

then I*(65) N Z # @.
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Proof: We suppose that F,Z3 (63) N Z #+ @. In this case no point u € Z is J; — A-statistical cluster point, that is
for each u € Z there is a positive number € = €(u) > 0 such that

73 - limsupn,m,o—moﬁ |{] € Inﬂk E]m'l € LO: ||xjkl - ‘Ll” < g}l = 0.

Let D.(u) = {z € X:||z — u|| < €}. Then, the sets De,,, (/,tprs) form an open covering of Z, and because Z is
compact, there are finitely many sub covering of sets DSWS (up,,s), p,r,s=12,...,z such that Z c

D=1 D, (,uprs). It is clear that

1

95 — limsup | € Ik € T, L€ Lot || x50 — pprs|| < €prs}| =0

n,m,0—oo An,m,o
for every p, 1, s. Then

|{.] € In;k E]m,l € Lo:x]'kl € Z}l
z zZ

z
s Z ZZH] € In'k E]mfl € Lo: ”xjkl - .uprs” (2.2)

p=1r=1s=1
< Sprs}l'

and from (2.2) we obtain

95 — limsup i€l k€lml€lyxy €Z} =0

n,m,0—xo tn,m,o

which contradicts (2.1).

Theorem 2.6: Let x = (xjkl) be a triple sequence in X. Then, for every € > 0

1

75— lim [ € Lk € Jn, 1 € Loz p(T2 (D), xj01) = €}| = 0.

n,m,0— An m,o

Proof: Let xji; be an 73 —bounded triple sequence. Then, we can find a closed set Z < X such that x;; € Z for

every j, k, . We will denote the € —neighbourhood of Z by D.(Z) = {z € X: p(Z, z) < €}. Now we assume that

1

75 — limsup [ € Ly k € Jon, L € Loz p(T32 (63), Xj30) = €} > 0.

n,m,0—->xo *n,m,o
Then for the set Z = Z \ N, (F,Z3 (A)) we have

1

95 — limsup |V €Lk €Jml € Ly:xjs €Z c X}| > 0.

n,m,o0—o An,m,o
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By Lemma 2.4, F,Z3 (1) N Z # @, which is a contradiction. The proof is complete.

Corollary 2.7: Let xj; be a triple sequence and Z © X be a compact set such that I 933 (A) NnZ #+ @. Then for

every point y € Z there is € = e(u) > 0 with

J3 —

lim . LE Ly:xjpy € Z}| > 0.
(s n,m,o

Proof: Let D.(u) = {y € X:|ly — ull < &}. The open sets D, (), u € Z form an open covering of Z. But Z is a
compact set and so there exists a finite sub cover of Z, say Dm0 = D, . ,(Bmno), M, n, 0 = 1,2, ..., N. Clearly,

Zc Um,n,oDm,n,o and

J3 — lim
n,m,0— oo

|{] €Elyk €l €Ly ”xjkl - .umno” < gm,n,o}l =0

n,m,o

for every m,n, 0. We have

|{] € I‘mk E]mJl € Lo xjkl € Z}|

N N
Z ZZHJ € In'k E]m'l € L ”x]kl .umno” < gmno}|

m=1n=1o0=1

and therefore

J; — lim |{j € Ik € Jm, L € Lo: xj3q € Z}|
nM,0=>% Anm,o
N N N . 1 .
< Z Z 273 - n.T}Ll.gLOO/ln_m_o nr S Lo: ”xjkl - .umno” < gm,n,o}| = 0.

Then the desired result has been obtained.
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