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Abstract: William Henry Ruckle introduced the notion of arithmetic convergence in the sense that a sequence g defined on
the set of natural numbers N is said to be arithmetic convergent if for each € > 0 there is an integer n such that for every integer
m, |g(m) — g((m,n))| < &, where (m,n) denotes the greatest common divisor of m and n. In this paper, the notion of arithmetic
convergence has been extended to cone metric space. Using the concept of arithmetic convergence, arithmetic continuity and
arithmetic compactness have been defined in cone metric spaces and give some interesting results.
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|. Introduction

The concept of cone metric spaces is a very recent and interesting generalization of usual metric space where
the set of real numbers is replaced by an ordered Banach space. After the initial introduction of this space by
Huang and Zhang (2007), a lot of work has been done on this structure, especially on fixed point theory. In
this paper, we focus on a different direction and study arithmetic convergence, arithmetic continuity and related
concepts in cone metric space. However, it should be noted that due to the absence of real numbers (which is
replaced by an ordered Banach space), the methods  of proofs are not always analogous to the usual metric
case.

Ruckle (2012), introduced the notion arithmetic convergence as a sequence x = (x,,) defined on the set
of natural numbers N is said to be arithmetic convergent if for each ¢ > 0 there is an integer n such that
for every integer m, we have |xm - x<m,n>| < €. Here (m,n) denotes the greatest common divisor of m and
n. For details on arithmetic convergence and arithmetic continuity, we refer to (Yaying and Hazarika, 20173,
2017h, 2017c, 2018).

In this article, we first introduce the concept of arithmetic convergence and using this notion we define
arithmetic continuity in a cone metric space and prove some interesting results. Finally, we introduce arithmetic

compactness and give some interesting results.
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I1. Cone Metric Spaces

Let us recall some definitions and results on cone metric spaces which can be found in (Huang and Zhang,
2007).

Definition 1. A subset P of a real Banach space E is called a cone if and only if

(1) P is closed, nonempty and P # {6} ;
@) If a,b € R* and x,y € P, then ax + by € P;

3) If bothx € P and —x € P, thenx = 6.
Given a cone P in E, we define a partial ordering < on E with respect to P by x < y if and only if y —
x € P. We shall write x < y to indicate that x < y but x = y, while x < y will stand for y — x € int P
(interior of P).
Throughout the text, we always suppose that E is a Banach space, P is a solid cone i.e.intP # ¢ in E

and < is a partial ordering with respect to P.

Definition 2. A cone metric space is an ordered pair (X,d), where X is a non-empty set and

d:X x X — E is a mapping satisfying:
() 6 <d(x,y) for all x,y € X;
@i)d(x,y) = @ ifandonly if x = y;
@i)d(x,y) = d(y,x) for all x,y € X;
(iVid(x,y) < d(x,z) + d(z,y) for all x,y,z € X.
Example 1. Let E = R%4,P = {(x,y) EE:x,y >0} c R? and d: X X X — E be such that d(x,y) =

(|x — yl|, alx — y|), where a« = 0 is a constant and x,y € X. Then it is well known that (X,d) is a

cone metric Space.

Definition 3 (Convergence). A sequence (x,,)nen CONverges to x, € X if for every ¢ € E with 0 <
c (i.e.c — 6 € int P) there exists a natural number N such that d(x,,,x;) < ¢ Vmm = N.

We denote this by writing x,,, = x,.

Definition 4 (Cauchyness). Let (X, d) be a cone metric space. We say that a sequence (x,,;)men IS cauchy if
for every c € E with 6 < c there exists N € N such that for m = n = N, d(x,,x,,) < c holds.

Definition 5 (Sequencial Compactness). A set S c X is sequencially compact if every sequence in X has a

convergent subsequence.
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Definition 6. Let (X,d) be a cone metric space and f: X — E. Then, the function f is called
uniformly continuouson X iffore > 0andc € E with8 < ¢
dx,y)<Lc=>|f(x) —f(W)I<eVvx,yE€ELX.
Lemma 2.1 (Radenovic and Kadelburg, 2011)
D Ifu<vandv <Kw,then u K w.
@) fukKvandv < w, thenu LK w.
B) fu«kvand v <K w, then u K w.
A If0 <u<Kcforeachceint P thenu = 6.

I11. Arithmetic continuity in cone metric space

In this section we introduce the concept of arithmetic continuity and arithmetic compactness in a cone metric

space and establish some interesting results related to these notions.

Definition 7. A sequence x = (x,,) is called arithmetically convergent in a cone metric space (X, d) if for
everyc € E with8 < ¢ (i.e. c — 0 € int P) there is an integer n such that for every integer m, we

have, d(Xm, X(mn)) < C.

Definition 8. Let (X,dyx) and (Y,dy) be two cone metric spaces. A function f : X — Y is
arithmetic continuous if it transforms arithmetic convergent sequences in X to arithmetic convergent
sequences in Y. In other words, the sequence (x,) is arithmetic convergent implies the sequence

(f (x;)) is also arithmetic convergent.

Theorem 3.1. The composition of two arithmetic continuous functions in a cone metric space (X, d) is

again arithmetic continuous.

Proof. Let f and g be two arithmetic continuous functions. We have to prove that the function f o g(x,,) =
f (g(x,,)) is arithmetic continuous function.

Let (x,,) be any arithmetic convergence sequence in the cone metric space X. Since g is arithmetic continuous,
so the sequence (g(x,,)) is also arithmetic convergent. Furthermore, it is given that £ is arithmetic continuous,
hence it transforms arithmetic convergence sequence (g(x,,)) to arithmetic convergence sequence (f(g(xm))).

Hence the result follows.

Definition 9. A sequence of functions (f,,) from a cone metric space (X,dy) to a cone metric space
(Y,dy) is said to be arithmetic convergent if for ¢’ € E' with ' < ¢’ and V x € X there exists an

integer n such that for every integer m
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dy (fin GO, fimm () < .

Note that, here we have taken dy, as a cone metric fromY X Y to a real Banach space E’ with a cone

P'c E' and @' is zero in E'.

Theorem 3.2. Let (X,dx) and (Y, dy) be two cone metric spaces. If f: X — Y is uniformly continuous
then it is arithmetic continuous.

Proof. Let f be uniformly continuous and (x,,) be any arithmetic convergence sequence in X. Since f is uniformly
continuous, for a given ¢ € E with 8 « c such that for every x, y with dy(x,y) < ¢, dy (f (x), f(¥)) < .
Again, the sequence (x,,) is arithmetic convergent, hence for the same ¢ € E there exists a positive integer n

such that

dx (X, X(mny) < ¢ for each m = dy (f (), f (Xgmny)) < ¢’ for each m
= the sequence (f(x,,)) is arithmetic convergent.

= the function f is arithmetic continuous.

This completes the proof.

Theorem 3.3. If (f;,,) be a sequence of arithmetic continuous functions from a cone metric space (X, dy)

to a cone metric space (Y, dy) and (x,) is a point in X such that
lim f,(x) = Y,
X—Xo

then (y,,) is also arithmetic convergent.

Proof. Since the sequence (f;,) is arithmetic convergent, therefore, for ¢’ € E' with 8’ < ¢’ andV x € X

there exists an integer n such that for every integer m

dy (fin (), frmny (X)) K ',

Keeping n, m fixed and letting x — x,,

dy (Vo Vimmy) < ¢/, ¥Ym.

Hence, the sequence (y,,) Is arithmetic convergent.
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Theorem 3.4. If (f;;,) is a sequence of arithmetic continuous functions from a cone metric space (X, dy)
to a cone metric space (Y, dy) and (f,,) converges uniformly to a function £, then f is arithmetic

continuous.
Proof. Let ¢’ € E’ with 8’ « ¢’ and (x,,,) be any arithmetic convergent sequence in X.

Since, f,, = f uniformly, there exist a positive integer N such that

dy (0O, fin()) <« S, Vm = N and x € X. (3.1)

In particular for m = m,, we have

dy (fin, (0, () < 5. (3.2)
Furthermore, (f,,) is given to be a sequence of arith,metic continuous functions, therefore,
dy Gy Gom), fony Cemny ) < 5 (3:3)
Also, from (3.1), ,
dy (f(x(m,n))'fml (x(m.n))) < % (3.4)

Thus, from (3.2), (3.3), (3.4)
dy (f Xmm)s f (Xm))

= dy (f(x(m,n))rfml (x(m,n))) + dy (fml (x(m,n))ifml (xm)) + dy (fml Cem), f (Xm))
KL c.

Thus, f transforms arithmetic convergent sequence in X to arithmetic convergent sequence in Y. Hence f is

arithmetic continuous function.

Theorem 3.5. The set of all arithmetic continuous functions from cone metric space (X, dy) to cone metric
space (Y, dy) is a closed subset of all continuous functions i.e. AC(X,Y) = AC(X,Y) where AC(X,Y) is
the set of all arithmetic continuous functions from cone metric space (X, dyx) to cone metric space (Y, dy)
and AC(X,Y) denotes the closure of AC(X,Y).

Proof: Let f € AC(X,Y). Then there exists a sequence of points in AC(X,Y) such that lim f,, = f. Letc’ «
E’ with 8" « ¢’ and (x,,,) be any arithmetic convergent sequence in X.

Since, fm — f uniformly, there exist a positive integer N such that

dy(f (), frn()) €S, Vm = N and x € X. (3.5)

In particular for m = m4, we have
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dy (fin, (O, f () < 5. (36)
Furthermore, (f,,) IS given to be a sequence of arithmetic continuous functions, therefore,
dY (fm1 (xm)' fm1 (x(m,n))) < %: (3-7)

Also, from (3.5),

4

dy (f Cemn) fny Cemm)) < 5+ (3:8)
Thus, from (3.6), (3.7), (3.8)
dy (f mm))s [ (Xm))
= dY(f(x(m,n))'fml(x(m,n))) + dY(fml(x(m,n))»fml(xm)) + dY(fml(xm)'f(xm))
L.

Hence f is arithmetic continuous function. So f € AC(X,Y). This completes the proof.
Corollary 3.1. The set of all arithmetic continuous functions from a cone metric space (X, dy) to cone

metric space (Y, dy) is a complete subspace of the space of all continuous functions.
Arithmetic Compactness

Definition 10. A subset A of a cone metric space (X,d) is called arithmetic compact if every sequence in

A has arithmetic convergent subsequence.

Theorem 4.1. An arithmetic continuous image of an arithmetic compact subset of a cone metric space

(X, dy) is arithmetic compact.

Proof. Let (X,dy) and (Y,dy) be cone metric spaces. Let f: X — Y be arithmetic continuous function and
A c X Dbe arithmetic compact. Let (y,,) be a sequence in f(A). Then we can write y,, = f(xn)
where x,, € X for each m € N. Since A is arithmetic compact, there exists a forward convergent subsequence
(Xm,,) Of (xm). Again, it is given that f is arithmetic continuous, this implies that f(x,,, ) is arithmetic convergent

subsequence of f(x,,). Hence, f(A) is arithmetic compact.

Theorem 4.2. Any closed subset of an arithmetic compact subset of a cone metric space (X,d) is

arithmetic compact.

Proof. Let A be any arithmetic compact subset of X and B be a closed subset of A. Let x = (x,,) be any
sequence of points in B. Then x = (x,,) is a sequence of points in A. Since A is arithmetic compact,
therefore there exists an arithmetic convergent subsequence (x.,, ) of the sequence x. Since B is closed, so any

sequence x = (x,,) of points in B has arithmetic convergent subsequence in B.
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Hence, the result.

References

Smez, A. Fixed point theorems in partial cone metric spaces. http://arxiv.org/abs/1101.2741.

SGmez, A. (2010). On paracompactness in cone metric spaces. Applied Mathematics Letters. Vol. 23, 494-
497.

Turkoglu, D., Abuloha, A. (2010). Cone metric spaces and fixed-point theorems in diametrically contractive
mappings. Acta Mathematica Sinica, English Series. Vol. 26, 489-496.

Shadad, F., Noorani M.S.M. (2013). Fixed point results in quasi cone metric spaces. Abstract and Applied
Anal. Vol. 2013. Article ID 303626, 7 pages.

Albert, G.E. (1941). A note on quasi metric spaces. Bulletin of American Mathematical Society. VVol. 47, 479-
482.

Cakalli, H. (2008). Sequential definitions of compactness. Applied Mathematics Letters. VVol. 21, 594- 598.

Cakalli, H. (2016). On variations of quasi-Cauchy sequences in cone metric spaces. Filomat. Vol. 30, No. 3,
603-610.

Cakalli, H., Sthmez, A. (2013): Slowly oscillating continuity in abstract metric spaces. Filomat. VVol. 27, No. 5,
925-930.

Kinzi, H.P.A. (1983). A note on sequentially compact pseudometric spaces. Monatshefte fir Mathematik. Vol.
95, 219-220.

Antoni, J., Salat, T. (1989). On the A -continuity of real functions. Acta Mathematica Universitatis
Comenianae. Vol. 39, 159-164.

Collins, J., Zimmer, J. (2007). An asymmetric Arzela-Ascoli theorem. Topology and its Applications. Vol. 154,
2312-2322.

Connor, J., Grosse-Erdmann, K.G. (2003). Sequential definition of continuity for real functions. Rocky
Mountain Journal of Mathematics. VVol. 33, No. 1, 93-121.

Chi, K.P., An, T.V. (2011). Dugundji’s theorem for cone metric spaces. Applied Mathematics Letters. Vol. 24,
387-390.

Huang, L.G., Zhang, X. (2007). Cone metric spaces and fixed-point theorems of contractive mappings.
Journal of Mathematical Analysis and Applications. VVol. 33, No. 2, 1468-1476.

Abbas, M., Jungek, G. (2008). Common fixed-point results for non-commuting mappings without continuity in
cone metric spaces. Journal of Mathematical Analysis and Applications. VVol. 341, 416-420.

Abbas, M., Rhoades, B.E. (2009). Fixed and periodic point results in cone metric space. Applied Mathematics
Letters. 22 (2009), 511-515.

Khani, M., Pourmahdian, M. (2011). On the metrizability of cone metric spaces. Topology and its


http://arxiv.org/abs/1101.2741

T. Yaying On arithmetic continuity

Applications. Vol. 158, 190-193.
Engelking, R. (1989). General Topology, revised and completed edition, Heldermann Verlag, Berlin.

Radenovic, S., Kadelburg, Z. (2011). Quasi-contractions on symmetric and cone symmetric spaces. Banach
Journal of Mathematical Analysis. Vol. 5, No. 1, 38-50.

Rejapour, S., Hamlbarani, R. (2008). Some notes on the paper Cone metric spaces and fixed point theorems
of contractive mappings. Journal of Mathematical Analysis and Applications. Vol. 345, No. 2, 719-724.

Abdeljawad, T., Karapinar, E. (2009). Quasicone Metric Spaces and Generalizations of Caristi Kirk’s
Theorem. Fixed Point Theory and Applications. Vol 2009, Article ID 574387, 9 pages.

Yaying, T., Hazarika, B. (2017a). On arithmetical summability and multiplier sequence. National Academy
Science Letters. Vol. 40, 43-46.

Yaying, T., Hazarika, B. (2017b). On arithmetic continuity. Boletim da Sociedade Paranaense de Matemdica.
Vol. 35, 139-145.

Yaying, T., Hazarika, B. (2017c). On arithmetic continuity in a metric space. Africa Matematika. Vol. 28,
985-989.

Yaying, T., Hazarika, B. (2018). On lacunary arithmetic convergence. Proceedings of the Jangjeon
Mathematical Society. Vol. 21, No. 3, 507-513.

Wilson, W.A. (1931). On quasi-metric spaces. American Journal of Mathematics. 53, 675-684.

Ruckle, W.H. (2012). Arithmetical Summability. Journal of Mathematical Analysis and Applications. 396, 741-
748.



